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Micro-electro-mechanical-system (MEMS) devices are increasingly employed in physical
systems to fill the growing demand for fast, small, cheap sensors. And with MEMS devices rapidly
becoming miniaturized to increase accuracy and reduce response time, analysis of their reliability
in different environments is increasingly needed. Furthermore, new sensor designs for applications
such as temperature, humidity and pressure sensors, that directly utilize the MEMS interactions
within their environments, are growing in demand. In this work, a comprehensive study of the
response of MEMS cantilever and clamped-clamped resonators under various environmental
conditions is performed in both the linear and nonlinear regimes. The study shows a consistent
reduction of the natural frequency of cantilever and clamped-clamped MEMS devices due to the
increase of humidity under fixed pressure and temperature as a result of decreasing the dynamic
viscosity of air. This change is greater at high temperatures and is further increased when thermal
stresses build up within the MEMS device or when the device is operated nonlinearly. Moreover,
the study presents a possibility to correct for the effects of temperature and humidity due to the
linearity around the primary resonance. Finally, this study demonstrates the viability of uncoated
sensors for temperature, humidity and pressure sensing.
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CHAPTER 1
INTRODUCTION AND BACKGROUND
1.1. Motivation
During the past few decades, demand for high precision ultra-small sensors, actuators, and
logic devices has grown to be compatible with the complementary metal oxide
semiconductor (CMOS) chips in many applications such as internet of thing (IoT)
applications. Nano/Micro-electro-mechanical system (N/MEMS) devices have garnered
great attention and research work because of their potential to fill the current technological
gap due to their small size, low cost, extremely high precision, and their CMOS
compatibility. MEMS devices are widely employed as sensors [1-5], actuators [6,7], RF
switches, [8], micromirrors [14] and are currently studied as potential alternatives to logic
gates [9-13]. However, as systems become more precise and compact, their vulnerable to
ambient noise becomes a bigger concern. Temperature, humidity, and pressure, among
other factors, can significantly affect the response of MEMS resonators. Identifying the
influence of these environmental conditions is, on one hand, of high importance to
compensate for their unwanted effect while measuring other parameters such as mass or
acceleration. On the other hand, these environmental effects could be amplified to realize
simple and low cost pressure and humidity sensors.
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1.2. Literature review
1.2.1. General background
MEMS devices are known for their fast response time and high accuracy as sensing units.
One of the most popular means of actuating MEMS devices is electrostatic actuation,
where the mechanical element, typically a microbeam, is actuated electrostatically through
a stationary electrode. A vast body of work in the literature has been devoted for studying
the interesting dynamics of electrostatic MEMS that arises from the nonlinearity of the
electrostatic excitation force and the complex interactions between the mechanical element
and the surrounding environment such the squeeze film damping interaction, which is a
special type of air damping that occurs between surfaces with low separation. However,
while the response of MEMS devices under different pressure values is greatly studied, the
response of MEMS devices is mainly considered at constant temperature (room
temperature) and humidity (relatively low humidity) values.
1.2.2.

Effects of temperature and humidity on the MEMS response

The study of the temperature and pressure effect on the MEMS response and its reliability
is limited to few experimental investigation in the literature. The data from these
experiments were subsequently used to fit different analytical models. For example,
Boltshauser et al [15] studied experimentally the effects of temperature and humidity on
the response of an electrothermally actuated cantilever microbeam. The authors found that
increasing temperature and humidity resulted in a linear reduction of the natural frequency
of the microbeam, with a limited hysteresis, by a rate of 79 ppm/°C and 1.6% per 100%
RH, respectively.
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Tudor et al [16] studied the effects of temperature on the response of a silicon double beam
accelerometer with a proof mass. The uncoated device experiences a similar linear
relationship between its resonance frequency and temperature as shown in [15] with a slope
of -0.44 ppm between 30°C and 175°C. Furthermore, this work showed a nearly constant
relationship between the vibrational quality factor and pressure. Pozzi et al. [17] studied a
silicon carbide (SiC) multi-layered cantilever and found a nearly linear relationship of
about -19.5 ppm per °C between temperature and frequency drop up to 500°C. The
frequency shift is attributed to changes in the young modulus of the beam and the
developed thermal stresses. Candler et al [18] studied the effects of temperature on the
overall damping of a MEMS system. They showed that thermoelastic damping is a function
of temperature and is dominant at significantly high temperature while air damping is
dominant at relatively low temperature. Anchor losses, which are due to the supports of the
microbeam were found to be independent of temperature.
Sandberg et al [19] studied the effects of temperature and pressure on the response of
MEMS multi-layered cantilevers showing a nearly constant relationship between pressure
and the MEMS natural frequency shift at low pressures, similar to [16], and a frequency
drop at higher pressures due to the increase in the system’s damping. It was found that the
MEMS higher order modes are less sensitive to pressure and air damping. Furthermore, in
some microbeams, a linear relationship between temperature and the MEMS natural
frequency was found in this work.. Han et al. [20] showed the effects of temperature on the
response of multi-layered MEMS devices by introducing the thermal stress due to the
mismatch of expansion coefficients. The experiments were conducted on 3 microbeams
showed a linear decrease in frequency with temperature increase. This behavior was
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explained by water adsorption into the system and changes in the density and the Young
modulus of the system. The relationship between the effect of temperature on MEMS
devices response inspired new ways of using MEMS for sensing temperature [21] and
challenged many researches to find ways to eliminate these effects when sensing other
parameters [22, 23].
Zhu et al. [24] reported a -6.8 ppm/ 100% RH shift in the resonance frequency in an
uncoated quartz microbalance. Verd et al. [25] studied the effects of humidity on the
response of a nano-scale metal resonator showing a -265 ppm per %RH of frequency shift
due to humidity at 35°C, which was explained by water vapor absorption into the structure.
Jan et al [26] presented an experimental study of the effects of temperature and humidity.
The device studied was operated between 25°C and 85°C at 34% RH where the MEMS
displayed a linear decrease in the resonance frequency due to temperature. A similar
response was shown when the MEMS was excited at 25°C and between 32% RH and 90%
RH. Finally, Hosseinian et al. [27] studied theoretically and experimentally the effects of
temperature and humidity on the quality factor of a MEMS rotary resonator. The change
in the quality factor was significantly higher at higher temperatures due to the increased
water content in air as temperature increases.
From the aforementioned literature review, focus was on the effects of environmental
conditions on the linear response of MEMS devices. Furthermore, aside from [19], no work
investigated the effects of the environmental factors on the MEMS resonator higher order
modes. Finally, knowing that most MEMS resonators are typically enclosed in a vacuum
sealing to reduce the effects of air damping, the effects of temperature and humidity at low
pressures are yet to be tackled. Nevertheless, the previous work confirmed the effects of
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temperature, humidity, and pressure on the response of MEMS devices. However, the
question is it possible to amplify these effects to create new types of MEMS sensors for
measuring temperature, humidity and pressure?. In this thesis we attempt to address these
research gaps and this research question.
1.2.3. Current pressure and humidity sensors
Currently, pressure and humidity sensors are in great demand. Pressure and humidity
sensors are typically used in HVAC systems and industrial plants [28-31]. Pressure sensors
are also used in everyday applications like tire pressure sensors. Next we review some
common types of pressure and humidity sensors.
Among the common design of MEMS pressure sensors is MEMS diaphragms [32], which
measures the pressure across the MEMS either through measuring changes in the MEMS
static capacitance or resistance [33-35] or dynamically by measuring the shift in the MEMS
resonance frequency due to pressure [36]. Other types of MEMS pressure sensors includes
optical MEMS where the deformation of micro-diaphragms due to ambient pressure is
measured by relating to the changes in the refraction index of light [37, 38].
MEMS humidity sensors are also prevalent in the literature. The most popular of which are
capacitive MEMS sensors, where the introduction of humidity into the system changes the
system’s capacitance. For instance, some MEMS devices measure the change of
capacitance due to the change of relative permittivity of the dielectric in the MEMS as a
function of humidity [39- 41]. Other sensors measure changes in the MEMS deflection due
to mass absorption into the MEMS sensing layer (such as polyimide) [42, 43]. Dynamic
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measurement of humidity is also possible using MEMS devices by measuring the shift in
resonance frequency due to mass absorption into the MEMS sensing layer [24, 44, 45, 46].
While these sensors, in general, are inexpensive to produce and provide great precision,
they remain expensive to incorporate into most systems. For instance, pressure sensors
require expensive calibration periodically [47] and require complex readout circuitry to
translate the analog MEMS output into usable signal. As for humidity sensors, the use of a
coating layer increases the price of the sensors and introduces bending stress due to the
mismatch of the coefficient of expansion between the microbeam’s material and the
coating layer. Furthermore, as water absorption is required for humidity sensing, this type
of humidity sensors are slow and deteriorate over time due to the chemical interactions
with water molecules [48-51]. In this thesis, the inherent properties of MEMS devices and
their interactions with the environment are used as means of environmental sensing.
1.3.Thesis objectives
This thesis aims to provide a comprehensive analysis on effects of environmental
parameters on the response of electrostatic MEMS devices. To this end, the response of the
MEMS devices are studied in vacuum and under atmospheric pressure using a wide variety
of temperature and humidity values. Moreover, the effects of the environmental parameters
on the MEMS in nonlinear regimes (subharmonic resonance of order one-half, and
snapthrough) along with the response of MEMS devices at higher order modes are to be
studied. The goal of this analysis is to quantify the ambient noise to study the reliability of
MEMS resonators in various conditions.
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The outcome results of this investigation are correction curves that can be used to
compensate for the effects of environmental conditions to extend the operation range of
MEMS resonators. Furthermore, multiple concepts for MEMS resonators that rely on the
inherent properties of silicon-based structures and their interaction with the environment
conditions, rather than the properties of external coating materials, will be demonstrated
for novel sensing applications.
1.4. Thesis contributions
•

Studying the effects of temperature, humidity and pressure simultaneously and in
linear and nonlinear regimes, around the natural frequency of the MEMS and the
third modeshape (Chapter 5 and 6).

•

Development of a compensation scheme to reduce the effects of atmospheric noise
and extend the operational range of MEMS resonators (Chapter 5 and 6).

•

Development of uncoated analog MEMS temperature and humidity sensors based
solely on the interaction between the mechanical structure with the environment
(Chapter 7).

•

Development of humidity and pressure switches that operate based on the nonlinear
response of the MEMS device, such that sensing and actuation can occur in the
same device (Chapter 7).

1.5. Thesis organization
The organization of this thesis is explained in Fig.1 and is as follows:
In Chapter 1, we present the general background, literature review, and motivation of the
thesis work.
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In Chapter 2, we review the background and theory of a single degree of freedom MEMS
model that will be used to model a double cantilever MEMS device. The single degree of
freedom model was chosen because of the simplicity of the structure and because the study
of this device is restricted to the frequency response around the first natural frequency only.
Section 2.1 introduces the problem formulation, section 2.2 offers a study of squeeze film
air damping in single degree of freedom MEMS system and how to it relates to pressure.
Finally, section 2.3 explains the MEMS nonlinear secondary resonances such as
subharmonic resonance.
In Chapter 3, we present the background and theory of a continuous clamped-clamped
microbeam with initial rise (arched beam), a big jump from the simple single degree model
in chapter 2. Section 3.1 introduces the mechanical system of the microbeam and the
squeeze film damping formulation. Section 3.2 presents the solution method of the
nonlinear, partial differential equation of the system. Section 3.3 presents a simplistic
explanation of a special characteristics of the arched microbeam.
In Chapter 4, we present general models to represents the effects of temperature and
humidity on the dynamics of microbeams. These models will be incorporated with the
MEMS single degree freedom in chapter 2 and the MEMS continuous model in chapter 3
to study the effect of these environmental parameters on the cantilever MEMS-based
device (chapter 5) and the clamped-clamped (arched) MEMS-based device (chapter 6),
respectively.
In Chapter 5, we simulate the response of a cantilever MEMS-based under reduced
pressure. Section 5.1 presents the response of the MEMS under linear operation around its
natural frequency as a function of humidity (5.1.1) and temperature (5.1.2). Section 5.2
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presents the response of the MEMS device under nonlinear operation in the subharmonic
resonance regime as a function of humidity (5.2.1) and temperature (5.2.2). Section 5.3
presents possible uses of the results to compensate for the unwanted effect of humidity and
temperature.
In Chapter 6, we simulate the response of a clamped-clamped (arched) MEMS under
atmospheric pressure. Section 6.1 presents the response of the MEMS arch assuming zero
thermal stress. The response is studied as a function of temperature and humidity around
the primary resonance as well as around the third modal frequency. The same studies are
repeated in section 6.2 assuming the development of thermal stress as temperature
increases. Finally, section 6.3 summarizes the results and provides a closer look into the
overall response of the system.
In Chapter 7 we proposed potential designs of MEMS sensors based on our findings in
chapter 5 and 6. Section 7.1 presents potential analog sensors. Section 7.2 presents the
possibility to create tunable digital sensors (switches). Finally, as the response of the
MEMS is directly related to the squeeze film damping, the measurement concept shows
the possibility to measure other parameters such as pressure as demonstrated in section 7.3.
In Chapter 8: we summarized our findings in section 8.1 and conclusions in section 8.2.
The thesis’s publication outcomes are shown in section 8.3. Finally, future works are
shown in section 8.4.
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Figure 1.1: Thesis chapter organization chart.
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CHAPTER 2
SINGLE DEGREE OF FREEDOM MEMS MODEL
2.1. Simple system formulation
The single degree-of-freedom spring-mass-damper system is the simplest representation of
a vibrational system where the inertia of the body is compressed into a single point, the
stiffness is compressed into a linear spring element, and the damping is converted into a
dashpot element. As electrostatic MEMS devices are composed of a deforming microbeam
and a fixed substrate, we may think of the deforming microbeam as a moving point mass,
separated from the moving electrode by some gap, 𝑑, as shown in Figure 2.1. The equation
of motion of the MEMS device is given by:
𝑚𝑧̈ (𝑡) + 𝑐𝑧̇ (𝑡) + 𝑘𝑧(𝑡) = 𝐹𝑒 (𝑧, 𝑡)

(2.1)

Where 𝑧 is the deflection of the of the microbeam from its unforced position, positive in
the direction of the fixed electrode, 𝑚 is the effective mass of the microbeam, 𝑐 is the
damping of the system, 𝑘 is the linear stiffness of the microbeam, 𝐹𝑒 is the electrostatic
force between the fixed electrode and the microbeam, 𝑡 is time and the dot operator
represents temporal derivatives.
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Fixed electrode

d
Microbeam

Fixed support
Figure 2.1: A single degree of freedom schematic of a MEMS resonator.

The effective mass of the microbeam is calculated from the primary (natural) frequency
of the microbeam and the extracted stiffness of the microbeam. The nonlinear
electrostatic force is given by:
𝐹𝑒 (𝑧, 𝑡) =

2
𝜀𝐴𝑠 𝑉𝑀𝐸𝑀𝑆

2(𝑑−𝑧)2

(2.2)

Where 𝜀 is the permittivity of the dielectric, nonconductive, medium separating the
microbeam and the stationary electrode, 𝐴𝑠 is the surface area of the microbeam that
overlaps the fixed electrode, and 𝑉𝑀𝐸𝑀𝑆 is the voltage across the MEMS, which usually
equals the input voltage. The nonlinear nature of the electrostatic forcing results in the
system exhibiting interesting behaviors such as spring softening and pull-in (the collapse
of the MEMS onto the fixed electrode).
2.2. Damping formulation
2.2.1. Squeeze film damping
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Damping is the mean of energy dissipation in the spring-mass-damper system, which
transforms the system’s energy from kinetic energy, represented by the microbeam’s
motion, out of the vibrating system. Damping in the microscale has two types based on its
source: intrinsic damping, such as thermoelastic damping and extrinsic damping, such as
anchor, acoustic, and viscous damping. Unless the system is driven under extremely low
pressure or at extreme temperature conditions, the effect of viscous damping far exceeds
any other damping source [18, 52]. In this section, squeeze film damping, which is the
nonlinear damping induced by fluid compression in small cavities, will be introduced.
The behavior of the fluid-solid system is modeled using the Navier-Stokes equation and
the single degree of freedom mechanical model. The Navier-Stokes equation, in tensor
form, is given by [53, 54]:
𝐷𝑽

𝜌𝑓 𝐷𝑡 = −𝛁P + η∇2 𝑽 + 𝜌𝑓 𝒈

(2.3)

Where V is the average velocity of the fluid molecules at a spatial position (x,y,z) and a
specific point in time (t), 𝜌𝑓 is the mass density of the fluid molecules, 𝑃 is the pressure at
some position and time, 𝜂 is the dynamic viscosity coefficient, 𝑔 is the gravitational
acceleration constant, equal to approximately 9.8 m/s2 and

𝐷(.)
𝐷𝑡

is the material derivative of

the property. The velocity vector and material derivatives are defined as:
𝑉 = 𝑢 𝑖̂ + 𝑣 𝑗̂ + 𝑤 𝑘̂
𝐷𝑽
𝐷𝑡

=

𝜕𝑽
𝜕𝑡

𝜕𝑽

𝜕𝑽

(2.4)
𝜕𝑽

+ 𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 + 𝑤 𝜕𝑧

(2.5)
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where 𝑢, 𝑣, and 𝑤 are the average velocity components in the x, y, and z directions,
respectively at a point (x,y,z) and time tand 𝑥, 𝑦, and 𝑧 are the position along the length,
width and height of the microbeam, respectively.

Figure 2.2: More detailed study of the single degree of freedom MEMS system. The system
is assumed to vibrate rigidly up and down only. All sides are vented to the atmosphere.

The Reynolds equation describes the fluidic behavior in channels of very small thickness,
such as lubrication applications and MEMS devices. The Reynolds equation is give by:
𝜕

(𝐻(𝑡)3 𝑃(𝑥, 𝑦, 𝑡)
𝜕𝑥

𝜕𝑃(𝑥,𝑦,𝑡)
𝜕𝑥

𝜕

) + 𝜕𝑦 (𝐻(𝑡)3 𝑃(𝑥, 𝑦, 𝑡)

𝜕𝑃(𝑥,𝑦,𝑡)
𝜕𝑦

) = 12 𝜂

𝜕(𝑃(𝑥,𝑦,𝑡)𝐻(𝑡))
𝜕𝑡

(2.6)

Where 𝐻 is the distance between the deformable microbeam and the stationary electrode,
which is between zero and 𝑑. To solve the above equation, we assume that the system’s
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temporal response is a combination of a static response and a small, perturbed dynamical
response. Or:
𝐻(𝑡) = 𝑑 + 𝑧(𝑡)

(2.7)

𝑃(𝑥, 𝑦, 𝑡) = 𝑃𝑎 + Δ𝑃(𝑥, 𝑦, 𝑡)

(2.8)

Where 𝑃𝑎 is the ambient pressure of the system. Equations (2.7) and (2.8) are then
substituted into (2.6) to yield:
𝜕

([𝑑 + 𝑧(𝑡)]3 [𝑃𝑎 + Δ𝑃(𝑥, 𝑦, 𝑡)]
𝜕𝑥

𝜕[𝑃𝑎 +Δ𝑃(𝑥,𝑦,𝑡)]
𝜕𝑥

)

𝜕

+ 𝜕𝑦 ([𝑑 + 𝑧(𝑡)]3 [𝑃𝑎 + Δ𝑃(𝑥, 𝑦, 𝑡)]

𝜕[𝑃𝑎 +Δ𝑃(𝑥,𝑦,𝑡)]
𝜕𝑦

= 12 𝜂

)

𝜕([𝑃𝑎 +Δ𝑃(𝑥,𝑦,𝑡)][𝑑+𝑧(𝑡)])
𝜕𝑡

(2.9)

which can be expanded to:
𝜕Δ𝑃 2

𝜕2 Δ𝑃

[𝑑 + 𝑧(𝑡)]3 { ( ) + [𝑃𝑎 + Δ𝑃] ( 2 +
𝜕𝑥
𝜕𝑥

𝜕Δ𝑃 2

𝜕2 Δ𝑃

) + ( 𝜕𝑦 ) }
𝜕𝑦 2

= 12𝜂 { [𝑑 + 𝑧(𝑡)]

𝜕Δ𝑃
𝜕𝑡

𝜕𝑧

+ [𝑃𝑎 + Δ𝑃] 𝜕𝑡 }

(2.10)

Neglecting the nonlinear terms in (2.10) results in:
𝜕2 Δ𝑃

𝑑 3 𝑃𝑎 {

𝜕𝑥 2

+

𝜕2 Δ𝑃
𝜕𝑦 2

} = 12𝜂 {𝑑

𝜕Δ𝑃
𝜕𝑡

+ 𝑃𝑎

𝜕𝑧
𝜕𝑡

}

(2.11)

To further simplify the problem, we propose the following dimensionless variables:
Δ𝑃
𝑧(𝑡)
𝑃̂ = 𝑃 , 𝛿 = 𝑑 , 𝜏 = 𝜔𝑡
𝑎

(2.12)
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where 𝜔 is the angular frequency, 𝑃̂ is the dimensionless pressure change, 𝛿 is the
dimensionless microbeam motion and 𝜏 is the dimensionless time. Using these
dimensionless parameters results in:
𝜕2 𝑃̂

𝜕2 𝑃̂

{𝜕𝑥 2 + 𝜕𝑦 2 } =

12𝜂𝜔
𝑃𝑎 𝑑2

𝜕Δ𝑃

{

𝜕𝑡

+

𝜕δ
∂t

}

(2.13)

we also define 𝛼 = 12𝜂𝜔/𝑃𝑎 𝑑 2 . Because the right hand side of equation (2.13) is a
derivative of the 𝑥 and 𝑦 while the left hand side is a derivative of 𝑡 only, separation of
variables can be used and the solution of the system is given by:
𝑃̂ = 𝜙1 (𝑥, 𝑦)𝐶𝑜𝑠(𝜏) + 𝜙2 (𝑥, 𝑦)𝑆𝑖𝑛(τ)

(2.14)

Moreover, the microbeam vibrates in a sinusoidal fashion, thus, 𝛿 can be written as:
𝛿 = 𝛿0 𝐶𝑜𝑠(τ)

(2.15)

Thus, the first term of 𝑃̂ is in-phase with the MEMS motion, which will create an additional
stiffness force, while the second term is in-phase with the temporal derivative of the
microbeam’s motion (velocity), which will translate into a damping force. Substituting
(3.14) into (3.13) and separating the sine and cosine terms due to orthogonality yields:
𝜕2 𝜙1
𝜕𝑥 2

𝜕2 𝜙2
𝜕𝑥 2

+

+

𝜕2 𝜙1
𝜕𝑦 2

𝜕2 𝜙2
𝜕𝑦 2

= 𝛼𝜙2

(2.16)

= −𝛼 (𝜙1 + 𝛿0 )

(2.17)

The two equations can be simultaneously solved for a closed form of 𝑃̂. The damping and
spring forces are calculated using (2.18):
𝑙
2

𝑏
2
𝑙
𝑏
− −
2
2

𝑙

𝑏

𝐹 = 𝑃𝑎 𝐶𝑜𝑠(𝜏) ∫ ∫ 𝜙1 (𝑥, 𝑦)𝑑𝑦𝑑𝑥 + 𝑃𝑎 𝑆𝑖𝑛(𝜏) ∫2 𝑙 ∫2𝑏 𝜙2 (𝑥, 𝑦)𝑑𝑦𝑑𝑥
−

2

−

2

(2.18)

17

It was found [55] that the damping and spring coefficients, extracted from the damping and
spring forces, respectively, are given by:
𝐾𝑆𝑄𝐹 = 64

𝐶𝑆𝑄𝐹 = 64

𝜎(𝑥)2 𝑃𝑎 𝐴𝑠
𝜋8 𝑑

𝜎(𝑥)𝑃𝑎 𝐴𝑠
𝜋 6 𝜔𝑑

∑𝑚,𝑛 𝑜𝑑𝑑

∑𝑚,𝑛 𝑜𝑑𝑑

1
𝜎(𝑥)2
}
𝜋4

(𝑚𝑛)2 {(𝑚2 +𝛽 2 𝑛2 )2 +

𝑚2 +𝛽 2 𝑛2
(𝑚𝑛)2 {(𝑚2 +𝛽 2 𝑛2 )2 +

𝜎(𝑥)2
}
𝜋4

(2.19)

(2.20)

where 𝐾𝑆𝑄𝐹 and 𝐶𝑆𝑄𝐹 are the squeeze-film stiffness and damping coefficients, respectively,
𝛽 = 𝑏/𝑙 is the aspect ratio and 𝜎(𝑥) is the squeeze number, which is a nondimensional
number that relates to the dominant component of the air force, given by:
𝜎(𝑥) =

12𝐴𝑠 𝜔𝜂
𝑃𝑎 𝑑2

(2.21)

2.2.2. Accounting for low pressure
The Navier-Stokes equation and most classical fluid mechanics equations are based on the
continuum assumption, where the amount of molecules in a differential volume is large.
This is because most velocities used in the Navier-Stokes equation are based on the
Boltzmann distribution and statistical averages, which are inaccurate if the amount of
molecules in the differential element is too small. This error propagates and makes the
model flawed in those cases. It was found that there exist five distinct flow regimes based
on fluid continuity, corresponding to specific ranges of the Knudsen number (𝐾𝑛). The
ranges are shown in Table 2.1. [56].
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Table 2.1: Regimes of fluid systems based on continuity

Knudsen number
𝐾𝑛 → 0
𝐾𝑛 ≤ 10−2

How to solve the problem
Euler set of equations (Inviscid flow)
Navier-Stokes equations with no-slip boundary conditions
(Typical viscous fluid flow)

10−2 < 𝐾𝑛 ≤ 10−1

Navier-Stokes equations with slip boundary conditions (Require
some modifications)

10−1 < 𝐾𝑛 < 10

Transition region (May or may not be solvable with the modified
Navier-Stokes equations)

𝐾𝑛 > 10

Free molecular flow (Requires analysis of individual molecular
motion)

The Knudsen number is defined based on the mean-free path of fluid molecules, 𝜆, which
is the average distance travelled by the fluid molecule between collisions with other
molecules, the smaller, the short, and the more continuous the fluid motion is assumed; by
virtue of compactness. To understand the system’s behavior, this mean-free path is
compared to the characteristic length of the system. If the characteristic length far exceeds
the mean-free path, then the system is assumed to be a continuum. Alternatively:
𝜆

𝐾𝑛 = 𝑑

(2.22)

Here, the gap, 𝑑, is chosen because it is the most important dimension in our system
representing the height of the fluidic channel and the separation distance between the
MEMS electrodes. The mean free path is calculated using (2.23):

19

𝜆=

𝜆0 𝑃0

(2.23)

𝑃𝑎

Where 𝑃0 and 𝜆0 are the atmospheric pressure and the mean free path at that pressure,
which equal 65 nm and 101.325 KPa, respectively. Thus, the pressure increases, the mean
free path linear decreases. Because of the high squeeze film damping in MEMS systems,
MEMS devices are typically operated at low pressure and thus, slightly high 𝐾𝑛. In this
work, the MEMS device operate between the range of the slip condition in the NavierStokes equation and the transition region. Intensive previous research showed that
modifying the viscosity constant of air, 𝜂, can account of the slip condition and rarefication
that occurs at low pressure. In this thesis, we use the findings of Veijola et. al [57]:
𝜂

𝜂𝑒𝑓𝑓 = 1+9.638 𝐾𝑛1.159

(2.24)

Where 𝜂𝑒𝑓𝑓 is the effective viscosity of the system and should be used in place of the
viscosity constant for any equation of this thesis.
2.3. Subharmonic resonance
As the system of interest in nonlinear, it retains more nonlinear richness than a classical
linear system where the most important behavior is the large amplitude gain at the primary
1

𝑘

mechanical resonance at 𝑓𝑚 = 2𝜋 √𝑚. The MEMS system exhibits its nonlinearity because
of the interaction between the mechanical system, represented by the deflection of the
mass, with the fluidic system and electrical system, which results in the nonlinear viscous
damping (Equation (2.20)) and nonlinear electrostatic forcing (Equation (2.2)). Of
particular interest is the response of the system due to the nonlinear forcing, which results
in an effective spring softening and the existence of secondary resonances.

20

Subharmonic resonance is an important resonance response in this thesis because of its
distinct shape, appearing as a sudden jump in the response amplitude at the subharmonic
resonance frequency, unlike the gradual increase seen at the primary resonance as shown
in Figure 2.2. The response can be understood by taking the Taylor series expansion of the
forcing function which results in a system with quadratic, cubic and higher order
nonlinearities [56]:
𝑖
𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 + αq 𝑥 2 + 𝛼𝑐 𝑥 3 + ∑𝑁
𝑖=4 𝛼𝑖 𝑥 = 𝐹0 + 𝐹1 cos(Ω𝑡)

(2.25)

Where 𝛼𝑞 and 𝛼𝑐 are the quadratic and cubic nonlinearites of the system, respectively, 𝛼𝑖
is the ith nonlinearity, 𝐹0 is the forcing amplitude associated with the DC voltage applied
and 𝐹1 is the amplitude of the forcing associated with the AC voltage. Typically, one of the
nonlinearities, 𝛼, is dominant in the system where the other nonlinearities are negligible.
In the adopted single degree of freedom model in this study, 𝛼𝑞 is the dominant
nonlinearity. This creates a nonlinear subharmonic response at nearly twice the natural
frequency via a period-doubling bifurcation. Moreover, based on the sign of 𝛼𝑞 , the system
either exhibits a softening (𝛼𝑞 < 0) or hardening (𝛼𝑞 > 0) behavior with the application
of higher forcing. In our single degree of freedom system, 𝛼𝑞 < 0, which corresponds to
spring softening with voltage.
It is noted that subharmonic resonance activation requires low damping. Under high
damping, the microbeam experiences no change in response within this range.

21

Response jump

Subharmonic
Resonance
frequency
Figure 2.3: Subharmonic resonance example. Note the sudden amplitude jump.
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CHAPTER 3
CONTINUOUS MICROBEAM
3.1. Simple arch beam formulation
MEMS arches are microbeams that assume a curved shape when unforced either due to
design or bulking due to large internal stresses. Such devices are widely used because of
their interesting dynamics. An alternative and more comprehensive approach to simulate
the response of these arched MEMS resonator is by adapting continuous model. The
equation of motion of an arched microbeam with a length L, width b, height h and initial
curvature w0 is given by the Euler-Bernoulli beam (3.1). Furthermore, a schematic of the
MEMS arch is shown in Figure 3.1.

Figure 3.1: A side view, 2D (a) and 3D (b) sketches of the microbeam.

𝐸𝐼𝑐

𝜕4 𝑤
𝜕𝑥 4

+ 𝜌𝐴

𝜕2 𝑤
𝜕𝑡 2

𝜕2 𝑤

+ 𝐹𝑑 (𝑥, 𝑡) = ( 𝜕𝑥 2 −

𝑑2 𝑤0
𝑑𝑥 2

𝐸𝐴

𝑙

𝜕𝑤 2

𝜕𝑤 𝑑𝑤0

) [ 2𝑙 ∫0 {( 𝜕𝑥 ) − 2 ( 𝜕𝑥

𝑑𝑥

)} 𝑑𝑥] + 𝐹𝑒 (𝑥, 𝑡)
(3.1)
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𝐼𝑥𝑥 =

𝑏ℎ3

(3.2)

13

where E is the Young modulus of elasticity, Ixx is the second moment of area, given by
equation (3.2), 𝜌 is the mass density of the microbeam, A is the cross sectional area, Fd(x,t)
is the damping force per unit length, x is the position across the microbeam’s length, y is
the position across the beam’s width, w(x,y,t) is the microbeam’s deflection in term of
spatial position and time, 𝑤𝑜 (𝑥, 𝑡) is the initial deflection due to curvature, given by (3.3),
and Fe(x,t) is the electrostatic force per unit length, given In equation (3.4):
𝑤 0 (𝑥, 𝑡) =

𝐹𝑒 (𝑥, 𝑡) =

𝑏0
2

2𝜋𝑥

[1 − cos (

𝑙

)]

(3.3)

2

(3.4)

𝜀𝑏𝑉2𝑀𝐸𝑀𝑆
2(𝑑+𝑤0 (𝑥)−𝑤(𝑥,𝑡))

where 𝑏𝑜 correlates to the maximum initial deflection at the middle of the microbeam,
VMEMS is the effective voltage across the MEMS resonator, which is usually equal to the
input voltage signal and d is the nominal gap separation between the moving microbeam
and the substrate beneath it.
Arched microbeams are typically fabricated to be clamped-clamped beams with the
following ideal boundary conditions:
𝑤(0, 𝑡) = 𝑤(𝑙, 𝑡) = 0
𝜕𝑤(0,𝑡)
𝜕𝑡

=

𝜕𝑤(𝑙,𝑡)
𝜕𝑡

=0

(3.5-a)
(3.5-b)

We note here that, for the sake of simplicity, we perform dimensional analysis on the
deflection ,w(x,y,t), to study the change in deflection in the x-direction and y-direction by
substituting w, x, and y with the following nondimensional parameters. We find that the
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influence of the y-dimensional derivative is negligible, thus, w(x,y,t) becomes only a
function of the x-position and time, w(x,t).
3.1.1. Squeeze film damping in the continuous domain
The drag (damping) force in equation (3.1) is due to the microbeam’s interaction with
ambient air. This force dissipates most of the microbeam energy and dampens its motion.
As the microbeam dimensions are sufficiently small, squeeze film damping dominates this
force. However, modeling squeeze film damping compared to the single-degree-model in
the previous chapter is more involved for the case of the continuous model of an arched
beam. The main source of air squeeze film damping in arched beam occurs between the
bottom surface of the microbeam and the excitation electrode [58]. Squeeze film damping
resulting from the pressure difference between the top side and the bottom side of the
microbeam can be described as:
𝑏

𝐹𝑑 = ∫0 (𝑃(𝑥, 𝑦, 𝑡) − 𝑃𝑎 )𝑑𝑦

(3.6)

where 𝑃(𝑥, 𝑦, 𝑡) is the pressure distribution acting on the bottom surface of the microbeam,
𝑃𝑎 is the ambient pressure, and 𝑦 is the lateral position along the microbeam.
The pressure distribution can be approximated using equation (3.7) when the initial gap
between the bottom of the microbeam and the excitation electrode is much smaller than the
width and length of the microbeam [52].
𝜕

(
𝜕𝑥

𝜌𝑎 (𝑑−𝑤+𝑤0 )3 𝜕𝑃
12𝜂

𝜕

𝜌𝑎 (𝑑−𝑤+𝑤0 )3 𝜕𝑃

) + 𝜕𝑦 (
𝜕𝑥

12𝜂

𝜕𝑦

𝜕

) = 𝜕𝑡 (𝜌𝑎 (𝑑 − 𝑤 + 𝑤0 ))

(3.7)

with the following boundary conditions (3.8-a,b):
𝑃(𝑥, 𝑦 = 0) = 𝑃(𝑥, 𝑦 = 𝑏) = 𝑃𝑎

(3.8-a)
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𝜕𝑃(𝑥=0,𝑦)
𝜕𝑥

=

𝜕𝑃(𝑥=𝑙,𝑦)
𝜕𝑥

=0

(3.8-b)

where 𝜌𝑎 is the density of air and 𝜂 is the dynamic viscosity constant of air.

3.1.2. Nondimensionalization:
To create a streamline approach of the solution and to reduce the computational time, we
nondimensionalize (3.1-3.8) by using the following nondimensional parameters:
𝑥

𝑤

𝑥̂ = 𝑙 ,

𝑤
̂ = 𝑑,

𝑤
̂0 =

𝑤0
𝑑

,

𝑡
𝑡̂ = 𝑇 ,

𝑃
𝑃̂ = 𝑃 ,
𝑎

𝑦

𝑦̂ = 𝑏

(3.9)

𝜌𝐴𝑙4

where 𝑇 is the time constant of the system defined as 𝑇 = √ 𝐸𝐼 . This yields the
𝑐

following set of microbeam equations:
𝑏

𝑤0 (𝑥, 𝑡) = 2𝑑0 [1 − cos(2𝜋𝑥)]
𝜕4 𝑤
𝜕𝑥 4

+

𝜕2 𝑤
𝜕𝑡 2

(3.10)
2

2

2

̂𝑑 (𝑥, 𝑡) = 𝛼𝑠 (𝜕 𝑤2 − 𝑑 𝑤20 ) [∫1 {(𝜕𝑤) − 2 (𝜕𝑤 𝑑𝑤0 )} 𝑑𝑥] + 𝛼𝑒 𝐹̂𝑒 (𝑥, 𝑡)
+ 𝛼𝑑 𝐹
0
𝜕𝑥
𝑑𝑥
𝜕𝑥
𝜕𝑥 𝑑𝑥
(3.11)

with the following nondimensional boundary conditions:
𝑤(0, 𝑡) = 𝑤(1, 𝑡) = 0
𝜕𝑤(0,𝑡)
𝜕𝑡

=

𝜕𝑤(1,𝑡)
𝜕𝑡

=0

where the nondimensional parameters 𝛼𝑑 , 𝛼𝑠 and 𝛼𝑒 are given in Table (3.1)

(3.12-a)
(3.12-b)
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Table 3.1: Microbeam nondimensional parameters

Parameter

Definition

Meaning

𝛼𝑑

𝑏𝑃𝑎 𝐿4
𝐸𝐼𝑥𝑥 𝑑

Pressure (damping) parameter

𝛼𝑠

𝑑 2
6( )
ℎ

Mid-plane stretching parameter

𝛼𝑒

𝜀𝑏𝐿4
2𝐸𝐼𝑥𝑥 𝑑 3

Electrostatic forcing parameter

The nondimensional damping force is defined in (3.13):
̂𝑑 = ∫1(𝑃(𝑥, 𝑦, 𝑡) − 1)𝑑𝑦
𝐹
0

(3.13)

where the P(x,y,t) is given by:
𝑑2 𝜕
𝑙2

(
𝜕𝑥

(1−𝑤+𝑤0 )3 𝜕𝑃
𝜂

𝑑2 𝜕

(1−𝑤+𝑤0 )3 𝜕𝑃

) + 𝑏2 𝜕𝑦 (
𝜕𝑥

𝜂

𝜕𝑦

12 𝜕𝑤

) = −𝑃

𝑎𝑇

𝜕𝑡

(3.14)

with the following boundary conditions:
𝑃(𝑥, 𝑦 = 0) = 𝑃(𝑥, 𝑦 = 1) = 1
𝜕𝑃(𝑥=0,𝑦)
𝜕𝑥

=

𝜕𝑃(𝑥=1,𝑦)
𝜕𝑥

=0

3.1.3. Simplified microbeam equation
The system equations can be simplified using the results of [59]:

(3.15-a)
(3.15-b)
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6𝜂𝑒𝑓𝑓 𝑏 2

𝑃(𝑥, 𝑦, 𝑡) = 1 + 𝑃

2
2
𝑎 𝑇𝑑 (1−𝑤+𝑤0 )

(𝑦 − 𝑦 2 )

𝜕𝑤

(3.16)

𝜕𝑡

where 𝜂𝑒𝑓𝑓 is the effective damping, calculated from equations (2.24). Substituting
equation (3.16) in (3.13) then back into (3.11) yields:
𝜕4 𝑤
𝜕𝑥 4

𝜕2 𝑤

+

𝜕𝑡 2

𝛼𝑝
2
0 +6𝜆)(1−𝑤+𝑤0 )

+ (1−𝑤+𝑤

𝜕2 𝑤

= 𝛼𝑠 (

𝜕𝑥 2

−

𝑑2 𝑤0
𝑑𝑥 2

𝜕𝑤
𝜕𝑡

1

𝜕𝑤 2

𝜕𝑤 𝑑𝑤0

𝜕𝑥

𝜕𝑥 𝑑𝑥

) [∫0 {(

) − 2(

)} 𝑑𝑥] + 𝛼𝑒 𝐹̂𝑒 (𝑥, 𝑡)

(3.17)

where,
𝜆=

𝜆𝑎

(3.18)

𝑑

𝛼𝑝 =

𝜂𝑙2
√𝐸𝐼𝑐 𝜌𝐴

𝑏 3

(𝑑)

(3.19)

̂

(𝑉 +𝑉𝐴𝐶 cos(Ω𝑡))
𝐹̂𝑒 (𝑥, 𝑡) = 𝐷𝐶(1−𝑤+𝑤
)2

2

0

(3.20)

3.2. System solution
Equation (3.17) can be solved for w(x,t) using the Galerkin method based on the
eigenvalues and modeshapes (eigenfunctions) of the system:
𝑤(𝑥, 𝑡) = ∑𝑖 𝜙𝑖 (𝑥)𝑢𝑖 (𝑡)

(3.21)

Where i is the number of modes of vibration, 𝜙𝑖 (𝑥) is the modeshape of vibration, which
is a function of x only and ui(t) is the modal coordinate of vibration of the mode i, which
scales the modeshape of the function.
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3.2.1. Eigenvalue problem
The unforced, nontrivial static response of (3.17), is solved by setting the temporal
derivatives and forcing terms to zero, resulting in:
𝜕4 𝑤
𝜕𝑥 4

𝜕2 𝑤

= 𝛼𝑠 ( 𝜕𝑥 2 −

𝑑2 𝑤0
𝑑𝑥 2

𝜕𝑤 2

1

𝜕𝑤 𝑑𝑤0

) [∫0 {( 𝜕𝑥 ) − 2 ( 𝜕𝑥

𝑑𝑥

)} 𝑑𝑥]

(3.22)

The system is solved using the Galerkin method (3.23), assuming a temporally constant
modal coordinate or
𝑢𝑖 (𝑡) = 𝑎𝑖

(3.23)

The system of infinite non-trivial solutions of (3.22) gives the nondimensional modal
frequencies, 𝜔𝑖 and modeshapes, 𝜙𝑖 (𝑥), which represent the natural frequency of
oscillation of each beam shape and the favorable vibrational shapes.
3.2.2. Dynamical solution
Equipped with the results of the previous section, we may substitute (3.21) into (3.17) to
solve for the modal coordinate of each modeshape. In this step, we use the Einstein
notation and drop the summation:
(𝑖𝑣)

𝜙𝑖

(𝑥)𝑢𝑖 (𝑡) + 𝜙𝑖 (𝑥)𝑢̈ 𝑖 (𝑡) +

𝛼𝑠 (𝜙𝑖′′ (𝑥)𝑢𝑖 (𝑡) −

𝑑2 𝑤0
𝑑𝑥 2

1

𝛼𝑝
(1−𝜙𝑖 (𝑥)𝑢𝑖 (𝑡)+𝑤0 +6𝜆)(1−𝜙𝑖 (𝑥)𝑢𝑖 (𝑡)+𝑤0 )2

) [∫0 {(𝜙′𝑖 (𝑥)𝑢𝑖 (𝑡))2 − 2 (𝜙 ′ 𝑖 (𝑥)𝑢𝑖 (𝑡)

𝑑𝑤0
𝑑𝑥

𝜙𝑖 (𝑥)𝑢̇ 𝑖 (𝑡) =

)} 𝑑𝑥] + 𝛼𝑒 𝐹̂𝑒 (𝑥, 𝑡)
(3.24)
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As it stands, equation (3.24) results in computational issues and singularities due to the
numerators. To solve this issue, we multiply (x) by (1 − 𝜙𝑖 (𝑥)𝑢𝑖 (𝑡) + 𝑤0 +
6𝜆)(1 − 𝜙𝑖 (𝑥)𝑢𝑖 (𝑡) + 𝑤0 )2 .
To further simplify the process, we take advantage of the orthonormality of modeshapes,
following (3.25):
1

∫𝑥=0 𝜙𝑖 (𝑥)𝜙𝑗 (𝑥) = 𝛿𝑖𝑗

(3.25)

where 𝛿𝑖𝑗 is the dirac delta, which equal 1 if i=j and 0 otherwise. Thus we multiply (3.24)
by 𝜙𝑗 (𝑥) and integrate from x=0 to x=1, this discretizes equation (3.24) into a system of
second order nonlinear ordinary differential equations of time in the form:
𝑀𝑖𝑗 𝑢̈𝑖 (𝑡) + 𝐶𝑖𝑗 𝑢̇ 𝑖 (𝑡) + 𝐾𝑖𝑗 𝑢𝑖 (𝑡) = 𝐹𝑗 (𝑡)

(3.26)

where 𝑀𝑖𝑗 is the inertial matrix of the system, 𝐶𝑖𝑗 is the damping matrix, 𝐾𝑖𝑗 is the stiffness
matrix and 𝐹𝑗 (𝑡) is the forcing vector on each modeshape.
3.3. Snapthrough
Snapthrough is a form of bistability of interest in this work. A system is said to be bistable
if there exists two, or more, equilibrium (fixed) points in the system, represented by a
minima in the energy of the system, which are simultaneously accessible. The choice of
the equilibrium point is based on the initial conditions or the forcing of the system.
A simple example, shown in Figure 3.2, of a bistable system is a parallel plate capacitor
with one stationary electrode and one moving electrode. The moving electrode is supported
by a linear spring (k1). Attached to the stationary electrode is another linear spring (k2).
Normally, if the voltage across the capacitor increases, the two parallel plates would move
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towards each other until you contact. However, this motion is resisted by the springs k2,
which ensures the two plates do not immediately contact. The overall system stiffness
decreases as the voltage increases through nonlinear spring stiffening [60] until the
electrostatic forcing exceeds the stiffness forces, which results in a large motion towards
the stationary plate. Here, the moving plate makes contact with the spring k2 and starts
compressing it, which increases the overall system stiffness and stops the collapse. Thus,
we observe a deflection jump, which is a characteristic of bistability. If the voltage is
removed, the moving electrode follows another return path due to its initial position being
closer to the stationary electrode, which produces hysteresis in the system.
In this thesis, we discuss the bistability of MEMS arches, which are MEMS devices
designed to have an initial curvature in the absence of outside forces. When the MEMS
microbeam is electrostatically actuated, the microbeam deflects towards the lower
stationary substrate, slightly when the voltage is low; however as the voltage increases, the
microbeam buckles in a process called snapthrough, thus creating high deflection. This can
be explained by the softening behavior of the microbeam initially until snapthrough,
where the system stiffens suddenly in an analogous way to the double-spring system in
Figure 3.2. A case study of snapthrough is to be discussed in subsequent sections.
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(a)

Fixed electrode
𝟐

d

Microbeam

Fixed support
(b)

Voltage decrease

Voltage increase

Figure 3.2: Simplified snapthrough model: (a) A modified single degree of freedom MEMS
model with an external spring,

𝟐,

connected to the fixed electrode which produces a

sudden stiffness change when the mass hits that spring. (b) A typical static plot of the
snapthrough response. Snapthrough is characterized by the sudden jump in (b).
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CHAPTER 4
ENVIRONMENTAL CONDITIONS EFFECTS ON MEMS
RESONATORS
The effects of pressure were modeled in the previous two chapters thought modeling
squeeze-film damping (equations (2.20) and (3.17)) using a single degree model
(Chapter.2) and continuous model (Chapter.3) approaches. In this chapter we present the
modeling approach of the other environmental conditions such as temperature and
humidity and how they may effect squeeze-film damping in MEMS.
4.1. Humidity Modeling
Humidity is a mean of quantifying the water content in a water-dry air mixture. One way
to describe humidity is by using mole fractions, assuming that humid air is composed of
dry air, which has an almost uniform composition and properties, and water vapor. Mole
fraction of water vapor is defined by:
𝑥𝑣 = 𝑛

𝑛𝑣

𝑣 +𝑛𝑎

(4.1)

where 𝑥𝑣 is the mole fraction of water vapor in humid air; and 𝑛𝑣 and 𝑛𝑎 are the number
of moles of water vapor and dry air, respectively. The equation can be simplified using the
ideal gas law:
𝑃𝑉 = 𝑛𝑅(Θa + 273)

(4.2)
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where 𝑃 is the gas pressure, 𝑉 is the volume of the gas and 𝑅 is the universal gas constant,
assuming that water vapor and dry air are uniformly distributed in the studied volume and
𝛩𝑎 is the ambient temperature in degrees Celsius. Substituting (4.2) into (4.1) yields:
𝑥𝑣 = 𝑃𝑣 /𝑃𝑎

(4.3)

Another way to describe humidity is by using relative humidity (RH) which is the ratio of
the partial pressure of water in air,𝑃𝐻2 𝑂 , divided by the saturated water pressure,𝑃𝐻∗2 𝑂 , at a
given temperature. Or:
𝑅𝐻 =

𝑃𝐻2 𝑂

(4.4)

∗
𝑃𝐻
2𝑂

A liquid in a container would evaporate from the surface of the liquid due to their excessive
kinetic energy. At the same time, vapor molecules would return to the container. The
pressure at which the amount of the liquid leaving and returning to the container is the
same is called the saturated vapor pressure. The saturated vapor pressure is a function of
the ambient temperature and is given by the following imperial formulae [61]:

𝑒 = 𝐸0 + 𝐸1 (1 − Θ
4.76955(1−

𝐸4 (10

273
𝑎

) − 𝐸2 𝐿𝑜𝑔10 (
+273

273
)
Θ𝑎 +273

𝑃𝐻∗2 𝑂 = 0.1 ∗ 10𝑒

)

Θ𝑎 +273
273

) + 𝐸3 (1 − 10−8.2969∗(

Θ𝑎 +273
−1)
273

)+
(4.5)

(4.6)

where 𝐸𝑖 is an interpolation constant and Θa is the ambient temperature in degrees Celsius.
We note here that 𝑃𝐻∗2 𝑂 is given in KPa. The values of these constants can be found in
appendix 1. The saturated vapor pressure is a function of temperature, hence, relative
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humidity is also a function of temperature. When temperature increases, the air’s capacity
to hold water vapor increases.
It is noted here that, due to air being an imperfect gas, especially at higher pressure, a
correction factor, 𝑓(𝑃, Θ), is proposed in the literature to be implemented in the system.
However, at low temperatures, this factor is approximately equal to unity so it will be
disregarded in this thesis.
4.2. Water content and viscosity constant
Air is a viscous fluid and its viscosity is an important aspect to consider in MEMS system
as it results in squeeze film damping; the most significant type of damping in MEMS
systems. The viscosity of humid air can be calculated from the viscosity of dry air, 𝜂𝑎 , and
water vapor, 𝜂𝑣 , calculate by the following empirical formulae [62]:
𝜂𝑎 = 𝑀𝐴0 + ∑4𝑖=1 𝑀𝐴𝑖 (Θ𝑎 + 273)𝑖

(4.7)

𝜂𝑣 = 𝑀𝑉0 + 𝑀𝑉1 Θ𝑎

(4.8)

where 𝑀𝐴𝑖 and 𝑀𝑉𝑖 are interpolating parameters for calculating 𝜂𝑎 and 𝜂𝑣 , respectively.
The viscosity of the water-air mixture,𝜂𝑚 , is given by:
[𝑥𝑣 ∗𝜂𝑣 ]
𝜂 (1−𝑥𝑣 )
+ [(𝑥 )+(1+𝑥
]
∗Φ
𝑣
𝑣
𝑎𝑣
𝑣
𝑣 ∗Φ𝑣𝑎 )]

𝜂𝑚 = [(1−𝑥𝑎 )+𝑥

(4.9)

where Φ𝑎𝑣 and Φ𝑣𝑎 are interaction factors calculated using:

Φ𝑎𝑣 =

2
𝑀𝑎 −0.5
𝜂𝑎 0.5 𝑀𝑣 0.25
√2
(1
+
)
+
(
)
(
)
[1
]
4
𝑀𝑣
𝜂𝑣
𝑀𝑎

(4.10)

Φ𝑣𝑎 =

2
𝑀 −0.5
𝜂 0.5 𝑀 0.25
√2
(1 + 𝑣 )
+ ( 𝑣 ) ( 𝑎) ]
[1
4
𝑀𝑎
𝜂𝑎
𝑀𝑣

(4.11)
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where 𝑀𝑣 and 𝑀𝑎 are the molar mass of water and dry air, respectively. All constants used to
calculate the viscosity of air can be found in appendix 1. The effects of temperature and relative
humidity on the viscosity of air can be seen in Figure 4.1. For example considering the 𝑅𝐻 = 0
plot, we note that the viscosity constant increases as temperature increases. This plot represents dry
air, which is the simplest to analyze. Next, we examine the effects of increasing the water content
by fixing the temperature and observing the change in the viscosity as humidity increases. We note
that the viscosity constant decreases. The figure become more complicated as relative humidity is
a function of the saturated vapor pressure, which in turn is the temperature. The two parameters
compete against each other to control the viscosity of the system. The effect of water vapor is nearly
linear, however, as temperature increases, the capacity of air to carry water increases, thus, 𝑅𝐻 =
50% at Θ𝑎 = 50 °𝐶 translates to more water content than that at Θ𝑎 = 20 °𝐶, which explains the
curvature at the end of the figure.

RH = 0%

RH increases

RH = 100%

Figure 4.1: The effects of temperature and relative humidity on the dynamic viscosity of the
water-air mixture (humid air)
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4.3. Further effects of temperature
Among the popular MEMS configurations is the clamped-clamped configurations which
offer many benefits such as the high natural frequency and their ability to be fabricated in
an arch configuration; allowing the bistability behavior through snapthrough. However,
due to the zero vertical/horizontal deflections boundary condition at the contact areas, any
expansion/compression of the microbeam’s length develops into internal stresses and,
effectively, into a change in the system’s stiffness and response. The internal axial stress
developed within the MEMS resonator can be found using equation:
𝑁(𝑥) = 𝛼 𝑇 𝐸𝐴Θb (𝑥, 𝑡)

(4.12)

where 𝑁(𝑥) is the axial stress, Θ𝑏 is the temperature difference between the microbeam
and the substrate at position 𝑥 , and time 𝑡 and 𝛼 𝑇 is the linear thermal expansion
coefficient. The temperature distribution can be found through:
𝑑

[𝑘𝑏 (Θb )
𝑑𝑥

𝑑Θ𝑏

]+
𝑑𝑥

𝜌(Θb )𝐼 2
𝐴2𝑐𝑠

=

𝑆𝑘𝑎
ℎ𝑑

(4.13)

where 𝑘𝑏 is the thermal conductivity coefficient, 𝜌(Θ) is the density of the microbeam as
a function of temperature, 𝑆 is the shape factor of the microbeam, 𝐼 is the current passing
through the microbeam and 𝑘𝑎 is the thermal conductivity of air surrounding the
microbeam. The thermal conductivity and density can be found using 4.14 and 4.15,
respectively:
1

𝑘(Θ) = −10−5 Θ+0.014

(4.14)

𝜌(Θ) = 2.44 × 10−8 (1 + 3.7 × 10−3 Θ)

(4.15)
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We note that, in this thesis, we only consider the response when the temperature of the
microbeam has reached steady state where:
Θ𝑏 (𝑥, 𝑡) = Θ𝑎 − Θ𝑖𝑛𝑖𝑡𝑖𝑎𝑙

(4.16)

where Θ𝑖𝑛𝑖𝑡𝑖𝑎𝑙 is the initial temperature of the microbeam where the microbeam is
thermally unstressed. Moreover, it we note that the microbeam is assumed to be
unstressed at Θ𝑎 = 25°𝐶 and the thermal stress is disregarded unless stated otherwise.
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CHAPTER 5
INFLUENCE OF TEMPERATURE AND HUMIDITY ON THE
RESPONSE OF MEMS UNDER REDUCED PRESSURE
The first device studied in this thesis is a commercial accelerometer manufactured by
Sensata technologies [63], named CAS, which is shown in Figure 5.1,a along with a
schematic of the device in Figure 5.1,b. The MEMS device is composed of two electrodes,
a stationary lower electrode, and moving upper electrode that represent of the proof mass
of the microbeam. The microbeam is fixed at the attachment point to which the proof mass
is attached to, by two cantilever beams, thus creating a double-cantilever configuration.
Figure 5.1,b shows a schematic of the microbeam’s side view showing the attachment
point, the cantilever beams and the proof mass. The microbeam is actuated electrostatically
when supplied by an external voltage signal, 𝑉𝑖𝑛 = 𝑉𝐷𝐶 + 𝑉𝐴𝐶 𝐶𝑜𝑠(Ω𝑡), where 𝑉𝐷𝐶 is the
input DC voltage, 𝑉𝐴𝐶 is the amplitude of the input voltage and Ω is the angular frequency
of the AC source. The DC is used to avoid frequency doubling.
(a)

(b)

𝑽

Side view

Cantilever beams

Proof mass

Proof mass
(Vibrating mass)

Attachment point
Lower electrode

Sensor base

Lower electrode

Attachment point

Figure 5.1: a. A picture of the MEMS device. b: A schematic of the side view of the MEMS
device.
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The MEMS dimensions are found in Table 5.1. It is noted that the in-plane dimensions are
in the milli-scale, however, the gap between the upper and lower electrodes, which is the
characteristic dimension of the system, is in the microscale, thus this device satisfies the
definition of MEMS devices. Nonetheless, due to the large surface area of the device, this
MEMS experiences large a drag force when moving and thus high damping. Therefore, to
activate this device as a resonator, the pressure should be reduced.
Table 5.1: Parameters of the CAS MEMS used in this chapter

Parameter

Meaning

Value

𝑙

Length

9 mm

𝑏

Width

5.32 mm

𝑘

Linear stiffness

215 N/m

𝜔𝑛

Natural frequency

192.5 Hz

Considering the two means of defining humidity explained in Chapter 4, it is preferred to
use the mole fraction of water vapor in this chapter for multiple reasons: First, the mole
fraction provides simpler means of conveying information as the mole fraction is
temperature independent and only depends on the amount of moisture in air. Second, due
to the low operation pressure for this device (around 100 Pa), the other humidity measure,
the relative humidity, will be incredibly low even at high moisture content. This is proven
using equations (4.3) and (4.4) and rewriting the relative humidity equation as follows
(assuming ideal gas conditions at low pressure):
𝑥 𝑃𝑎

𝑅𝐻 = 𝑃𝑣∗

𝐻2 𝑂

(5.1)
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For a case study, by choosing Θ𝑎 = 25 °𝐶 and 𝑃𝑎 = 100 Pa, the saturated vapor pressure,
following (4.5) and (4.6), is about 3.17 KPa. If the vacuum chamber is filled with nothing
but water vapor, 𝑥𝑣 = 100%, then this translates to 𝑅𝐻 = 3%, which may be mistaken for
a small amount of water vapor in the container. Moreover, as 𝑥𝑣 = 100% means that the
container is filled completely by water vapor, thus 𝑅𝐻 cannot exceed 3% in this case.
As stated earlier, increasing the water content in air reduces the viscosity of air by
introducing low viscosity water vapor molecules into the water-air mixture. Moreover, it
increases the dielectric constant of air, thus making it more conductive and increases the
effective electrostatic force acting on the microbeam. At low pressure, the change in the
electrostatic constant is negligible, therefore, it is excluded in this study. The viscosity
change considered in this subsection are when the MEMS device is excited around the
primary resonance and subharmonics resonance frequencies, where the microbeam
vibrates at a frequency close to its mechanical natural frequency and an of order one-half,
respectively. In both cases, the changes in the response amplitude and frequency shift will
be noted.
5.1. Response at the primary resonance frequency
5.1.1. Effects of relative humidity:
Operation at primary resonance is the most common means of actuating MEMS resonators.
The studied MEMS device is operated at room temperature, Θ𝑎 = 25°𝐶 and using a
combination of DC and AC signals equal to: 𝑉𝐷𝐶 = 30 𝑉 and 𝑉𝐴𝐶 = 20 𝑉𝑅𝑀𝑆 . Assuming a
controlled chamber that allows for controlling the water-air ratio at constant pressure and
temperature, using (2.1, 2.2, 2.20, 4.7-4.11), the MEMS response is shown in Figure 5.2,
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a. The pressure is set to 150 Pa to minimize the effects of squeeze film damping and allows
the microbeam to vibrate in an underdamped fashion. Due to the low pressure in the
container, the permittivity of the dielectric in the container is nearly constant and is
approximately equal to the permittivity of free space, or:
𝜀 ≅ 𝜀0 = 8.85 × 10−12 𝐹 𝑚−1
The increase of the ratio of water vapor in the container, 𝑥𝑣 , serves to decrease the squeeze
film damping of the system by decreasing the dynamic viscosity, 𝜂𝑚 , hence increasing the
maximum oscillation amplitude. Due to the low change in amplitude due to humidity in
this case, the response of the MEMS device can be fitted into a linear curve, with 𝑅 2 =
0.982 with a 0.08 𝜇m per %𝑥𝑣 . The nearly linear humidity-dependent response around
primary resonance allows for simple correlation and correction for the effects of humidity
on the MEMS response. Moreover, it allows for the potential of humidity measurement
using a simple MEMS resonator without the need for a coating layer, which will be
explored later this chapter and in Chapter 7.
(a)

(b)

Figure 5.2: a. Response of the MEMS device at primary resonance at 150 Pa, 25°C and
different humidity, depicted by the molar fraction. b: Relationship between the maximum
deflection amplitude and the molar fraction.
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Moreover, it is noted that, at low pressure, the resonance frequency of the MEMS device
remains nearly constant, thus maintaining high reliability of MEMS devices that operate at
fixed frequencies.
5.1.2. Effects of temperature:
Since the water vapor mole fraction is used as a measure of humidity, temperature and
humidity are decoupled in this study, thus allowing for independent representation of both
parameters. For this section, the vapor molar fraction, 𝑥𝑣 , was fixed while the temperature
is varied under constant pressure. Just as in the previous section, the ambient pressure was
set to 150 Pa while the molar fraction was fixed at 0%, 30%, 60% and 100%. The results
of this analysis are shown in figure 5.3,a-d, for 𝑥𝑣 = 0%, 30%, 60% and 100%,respectively.
Just as the previous subsection, it was found that the primary resonance frequency,
corresponding to the maximum vibrational amplitude, remains constant at different
temperatures and relative humidity values. However, we note here the decrease in the
response’s amplitude as the temperature increases for any amount of water content. This is
due to viscosity increasing at higher temperature, regardless of the molar fraction, which
increases the system’s damping and therefore, reduces the amplitude of vibration.
A closer look to response is shown in Figure 5.4 where the maximum vibrational amplitude
is plotted against the ambient temperature for different humidity values. The figure extends
the findings of the previous section for different ambient temperatures, showing an
amplitude increase across the curve at any temperature as humidity increases. Moreover,
the figure shows a consistent amplitude decrease as temperature increases. This increase is
almost perfectly linear, with an 𝑅 2 value of around 0.997. The amplitude’s slope increases
as the vapor molar fraction increases, going from (-)0.0192 𝜇𝑚/°𝐶 at 𝑥𝑣 = 0% to (-)0.0539
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𝜇𝑚/°𝐶 at 𝑥𝑣 = 100%, which indicates that water vapor’s viscosity is more sensitive to
temperature increase than air viscosity. As is the case in the previous section, it is noted
here that temperature and humidity have negligible effects on the resonance frequency
when operated at low pressure and around the primary resonance frequency, therefore,
maintaining high reliability for MEMS devices as resonators at different ambient
conditions. However, MEMS devices suffer from noise due to temperature and humidity
changes. This noise is mostly linear, though, thus can be simply accounted for when MEMS
devices are used as capacitive sensors. It is noted here that this noise can be put to a good
use due to its linearity, which allows MEMS devices to be used as temperature or humidity
sensors, by either fixing one atmospheric condition and measuring the MEMS response; or
using two MEMS devices to account for the effects of temperature and humidity and
measure them.
Due to the linear effects of temperature and relative humidity on the response of the MEMS
device, it can also be shown that Figure 5.4 contains the necessary information to find the
MEMS response at any temperature and humidity values within the interpolating range of
equations (4.1) – (4.11) by simply drawing isotherm lines at the required temperature to
attain the response of the MEMS device at different humidity values. For instance, Figure
5.2, b can be constructed by drawing the dashed vertical line of Figure 5.4.
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(a)

(b)

(c)

(d)

Figure 5.3: Effects of temperature on the response of MEMS device under low pressure and
different water vapor molar fraction: a:

𝒗

= 0%, b:

𝒗

= 30%, c:

𝒗

= 60%, d:

𝒗

= 100%

Figure 5.4: Relationship between temperature and maximum response amplitude at
different vapor molar fraction. The dashed line is the isotherm at 𝚯𝒂 = 𝟐𝟓 °𝑪 and translates
into Figure 5.3, b due to the linearity of the temperature and humidity effects
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5.2. Response at the subharmonic resonance of order one-half
Due to the prevalent quadratic nonlinearity in the system due to the inverse-squared
electrostatic forcing, as shown in section 1.3, large deflections occur at frequencies half
and double the primary resonance frequency of the microbeam, known as super harmonic
resonance (order two) and subharmonic resonance (order one half), respectively..
As stated previously, subharmonic resonance is characterized by an amplitude jump. This
requires high forcing (voltage) and low damping (typically low pressure). Otherwise, the
microbeam’s response does not show any amplitude jumps. In this section, the
subharmonic response is studied under different temperature and humidity values.
5.2.1. Effects of humidity
First, the response of the MEMS resonator at room temperature and reduced pressure is
considered. Here, Θ𝑎 is 25°𝐶, 𝑃𝑎 = 150 Pa, while the MEMS is actuated using 𝑉𝐷𝐶 = 50 V
and 𝑉𝐴𝐶 = 50 V RMS. Temperature and pressure are maintained constant while water is
introduced to the system by replacing the dry air molecules in the vacuum chamber. As is
the case with the previous subsection, humidity is represented by the molar fraction of
water vapor in air (𝑥𝑣 ). The results are shown in Figure 5.5. The response’s amplitude
increases as more water vapor is introduced to the system due to the decrease in the
system’s viscosity. The maximum amplitude of the system increases in a nonlinear fashion
as a function of humidity, as depicted by Figure 5.5.b. Unlike primary resonance, where
the maximum amplitude varied in an almost perfect linear fashion, the response at
subharmonic resonance more closely resembles a quadratic curve, with 𝑅 2 = 0.985. This
is due to the large system nonlinearities at subharmonic resonance. The below curve shows
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the most interesting changing behavior, however, not shown in the curve is the fact that the
curve would be constant for lower 𝑥𝑣 due to subharmonic resonance not being active. The
curve would also jump to 45 𝜇𝑚 at higher 𝑥𝑣 as the device’s microbeam pulls in, collapsing
into the stationary electrode.
(a)

(b)

Humidity
increases

Figure 5.5: Response of the MEMS device to humidity at room temperature and reduced
pressure at subharmonic resonance. (a): Frequency response of the device showing the
subharmonic resonance. (b): Relationship between humidity and maximum response
amplitude.

Aside from the nonlinear relationship between the response amplitude and humidity, the
subharmonic activation frequency also changes as humidity increases. This frequency is
highly sensitive to damping, and thus, unlike primary resonance, it shows obvious change
with the vapor’s molar fraction. The relationship between humidity and subharmonic
activation frequency is shown in Figure 5.6. Similar to the amplitude’s relationship with
humidity, the subharmonic resonance frequency shows a nearly quadratic variance with
humidity with 𝑅 2 = 0.981. However. Unlike Figure 5.5, this figure is restricted by the
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system’s damping. If the damping is too large, subharmonic resonance would, instead,
cease to exist. While increasing the humidity further would result in pull-in.

Figure 5.6: Relationship between humidity and the frequency of subharmonic activation,
extracted from Figure 5.5.a.

5.2.2: Effects of temperature
Next, the effect of temperature on the response of the microbeam is studied at a constant
pressure. Multiple humidity values are considered here as the viscosity of water vapor and
air change at different rates as temperature varies. Due to the increase in viscosity with
temperature, the ambient pressure is reduced in this section to 100 Pa to allow subharmonic
resonance to exist. The microbeam is excited using 𝑉𝐷𝐶 = 40 V and 𝑉𝐴𝐶 = 42 V RMS. The
response of the MEMS device is studied at 3 humidity values: 𝑥𝑣 = 0%, 𝑥𝑣 = 10% and 𝑥𝑣
= 20%. The results are shown in Figure 5.7. Throughout these figures, a consistent decrease
in the vibrational amplitude is noted as temperature increases due to increasing the overall
system’s damping. The change in amplitude as a function of temperature is shown in Figure
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5.8, which shows a nearly quadratic change in response amplitude as temperature increases,
regardless of humidity. This change ends when the subharmonic resonance ceases to exist
at high damping and the response is rendered constant at that point, which can be seen at
Θ𝑎 = 40 °𝐶 and Θ𝑎 = 80 °𝐶 when 𝑥𝑣 = 0% and 20%, respectively. Due to this quadratic
relationship, it is shown that the response of the MEMS device is drastically affected by
temperature when actuated in the subharmonic regime due to the high damping sensitivity
of the system around this frequency.

(a)

(b)

X = 0%

X = 20%

X = 10%

(c)

Figure 5.7: Response of the MEMS device at 𝑷𝒂 = 𝟎𝟎 𝑷𝒂, 𝑽𝑫𝑪 = 𝟒𝟎 𝑽 and 𝑽𝑨𝑪 =
𝟒𝟐 𝑽 𝑹𝑴𝑺 as a function of temperature and at 3 select values of humidity: (a)
𝒗

= 𝟎% and (c)

𝒗

= 𝟐𝟎%.

𝒗

= 𝟎%, (b)

49

Figure 5.7 also shows an increase in subharmonic resonance activation frequency as
temperature changes. Much like the change in amplitude, the subharmonic resonance
activation frequency varies in a nearly quadratic fashion with temperature, where high
temperatures drastically affect the response, as shown in Figure 5.8. Figures 5.7 and 5.8
show the opposing effects of temperature and humidity on the response of the MEMS
device, especially on the subharmonic activation frequency, which was not observed
when the device is operated linearly.

Figure 5.8: Relationship between the subharmonic vibrational amplitude of the MEMS
device and the operating temperature at different humidity values.

The sensitivity of the amplitude to temperature increases as temperature increases. It
further increases when the water content is lower as indicated by Figure 5.10. This is
because of humidity tends to decrease the system’s damping while temperature works to
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increase the overall system damping. It is noted here that the figures cut off at the point
where damping is high enough stop the system from exhibiting the subharmonic response,
which explains why higher temperatures are studied at higher humidity content. It should
also be noted that the sensitivity plot results should not be extrapolated for extremely high
or low temperatures as the viscosity empirical formulae used in this study are limited
between 0°C and 100°C. The amplitude reduction and frequency increase as temperature
increases is consistent at any chosen humidity value because humidity is decoupled from
temperature since the molar fraction was chosen as a humidity measure. This response
proves different when relative humidity is chosen, as shown in the next chapter.

Figure 5.9: Relationship between the subharmonic activation frequency, associated with the
maximum vibrational amplitude of Figure 5.8, as a function of temperature for different
humidity values.

5.3. Chapter Summary
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The studies of this section focus of the effects of temperature and humidity changes on the
response of cantilever microbeam (or microbeam with a free end) modeld as a single degree
of freedom model due to temperature and humidity changes, represented by the molar
fraction of water molecules. Molar fraction was used because of the low pressure
conditions, which limits relative humidity to a low value, which is unintuitive for this
chapter. MEMS devices, especially ones with high surface areas, require vacuum
packaging to reduce their damping. Such devices vacuum out low- to medium-humidity
air, which results in a low molar fraction air within the vacuum seal. However, at low
pressure any moisture adsorbed into the MEMS structure would evaporate and increase the
molar fraction of water vapor.
It is shown that the MEMS’s primary resonance frequency under different temperature
and humidity conditions under reduced pressure leads to a negligible change in its resonant
frequency due to damping and because of the low resonance frequency of the used MEMS
device. This proves the reliability of fixed-frequency resonating linear devices and
resonators in general as they experience no atmospheric noises due to temperature and
humidity. However, temperature and humidity lead to changes in the MEMS’s vibrational
amplitude through increasing the MEMS response when operating at high humidity and
reducing the MEMS’s response amplitude at high temperatures. While the effects of
temperature and humidity are opposing, temperature was shown to overall drive the
system’s response as the effects of humidity are less pronounced. Moreover, it was shown
that increasing humidity would increase damping at higher temperatures as water vapor’s
viscosity constant increases at a higher rate that dry air’s, within the studied range. As the
microbeam reacts to temperature and humidity linearly around primary resonance, Figure
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5.4 suffices to study the response of the microbeam at any temperature, between 0°C and
100°C, and humidity by drawing isothermal lines on the figure to investigate the effects of
humidity at any temperature, or linearly interpolating humidity values to study the effects
of temperature at a given pressure. Thus, due to the linearity between the vibrational
amplitude and temperature and humidity, it is possible to compensate for the amplitude
noise of the system through Figure 5.4.

Figure 5.10: Sensitivity of the subharmonic vibrational amplitude as a function of
temperature at different humidity values.

Moreover, it is possible to create a temperature/humidity sensor using simple MEMS
devices following the configuration in Figure 5.11, where two MEMS devices are used to
account for the effects of temperature and humidity, separately. One MEMS device is
enclosed in a sealed cavity which does not allow for humidity changes but allows for
temperature change. This device is used to measure temperature through measuring the
amplitude of vibration at resonance. A second MEMS device is used to measure the
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humidity by measuring the vibrational amplitude and accounting for the effects of
temperature from the first device.
The response of the MEMS device under subharmonic actuation is also studied in this
chapter, which shows a change in the subharmonic maximum amplitude and the frequency
of subharmonic activation. The effects of temperature and humidity were both found to be
nearly quadratic in nature, where humidity increases the vibrational amplitude and
decreases the subharmonic activation frequency, while temperature works in the opposite
fashion. Much like the previous case, the response of the device was found to be affected
more greatly at high temperature and high humidity, due to the higher sensitivity of water
vapor viscosity to temperature. The nonlinear relationship with environmental conditions
in this case is due to the high sensitivity of the system to damping when actuated at
subharmonic resonance and especially at the onset of subharmonic resonance activation (at
low 𝑥𝑣 and high Θ𝑎 ). There are two extremes for the system when excited at subharmonic
resonance: 1) Pull-in, when temperature is low or humidity is high, which correspond to
lower damping. At this point, the microbeam experiences an electrostatic force higher than
the elastic and damping forces and collapses into the substrate. 2) Subharmonic
deactivating, when temperature is high or humidity is low, which corresponds to high
damping and negligible vibration. Because of these extremes, it is possible to design the
MEMS device to operate as a temperature or humidity switch. The MEMS device can be
used as a temperature switch when humidity is fixed by either closing the circuit when
temperature is too low, by pulling in, or opening the circuit when temperature is too high.
Similarly, the device can be used as a humidity switch by fixing the temperature, where
the device closes the circuit at high humidity and opens it at low humidity.
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𝚯𝒂

𝚯𝒂

Controlled humidity

Unknown humidity

Isolated MEMS device

MEMS device open to the
environment

Measure response
amplitude

Measure response
amplitude

Calculate 𝚯
Correct for 𝚯

Calculate

𝒗

Figure 5.11: Device flow chart for proposed temperature-humidity MEMS sensor

Finally, it is noted that, since high humidity at low pressure means that water needs to
replace air in the container, most MEMS devices that would operate under low pressure
would also operate under low humidity, which would reduce the effects of temperature on
the MEMS device, increasing their stability. Moreover, it is found in this chapter that it is
possible to decrease the viscosity of the system considerably by using high humidity air in
vacuum packaged MEMS devices, however, this may render devices more sensitive to
noise due to temperature.
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CHAPTER 6
INFLUENCE OF TEMPERATURE AND HUMIDITY ON THE
RESPONSE OF MEMS UNDER ATMOSPHERIC PRESSURE
In this chapter, the response of MEMS devices under atmospheric pressure is studied.
Due to the high squeeze film damping associated with ambient pressure with high surface
area, bulky MEMS devices, the CAS device studied in the previous chapter is unsuitable
for this study. Instead, a smaller MEMS device is considered. Moreover, to broaden the
scope of this thesis, a clamped-clamped microbeam is studied in this section to show the
effects of the thermal stress developed within the MEMS device due to temperature
changes. The device is studied as a continuous microbeam, rather than a single degree of
freedom MEMS device to study the effects of temperature and humidity on the higher order
modes of vibration, which cannot be accounted for using a single degree of freedom
MEMS. Finally, initial curvature is added to the device to show the effects of atmospheric
parameters on the response of MEMS with nonlinear geometry. The dimensions of the
studied MEMS device are presented in Table 6.1.
Table 6.1: Clamped-Clamped MEMS parameters studied in this section.

MEMS parameter

Definition

Value

𝑙

Microbeam length

1000 𝜇𝑚

𝑏

Microbeam width

30 𝜇𝑚

ℎ

Microbeam thickness

2.4 𝜇𝑚

d

Initial gap

10.1 𝜇𝑚
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𝜌

Mass density

2332 𝑘𝑔/𝑚3

E

Young’s modulus

166 𝐺𝑃𝑎

N

Axial stress

0 Pa

𝑏0

Initial, unforced elevation

-3.5 𝜇𝑚

In this chapter, humidity is defined using relative humidity, RH, rather than the molar
fraction for two reasons: 1) Relative humidity is more commonly used to physically
measure humidity at atmospheric pressure. 2) Unlike the previous chapter, where a wide
range of 𝑥𝑣 was possible because of reduced pressure, which could only translate to small
range of RH, in this chapter, the accessible range of RH is between 0% and 100% because
of the lack of pressure restrictions while 𝑥𝑣 is more limited at relatively low temperatures.
This, however, will translate to a dependence between humidity and temperature, as the
capacity for carrying water vapor increases with temperature.
6.1. Effects of temperature and humidity, disregarding thermal stress
First, the effects of temperature and humidity is studied using equations (3.17 – 3.26)
assuming the microbeam is free of thermal, axial stress at the studied temperature. This is
done to visualize the effects of thermal stress and access its importance in the system.
6.1.1. Effects around primary resonance
6.1.1.1 Effects humidity at room temperature
The response of the MEMS device of Table 6.1 is studied at atmospheric pressure, 𝑃𝑎 =
101.325 KPa and room temperature,Θ𝑎 = 25°C, under different relative humidity,𝑅𝐻,
values. The MEMS device is actuated using a harmonic forcing of constant amplitude of
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𝐹 = 0.0001 N/m around the MEMS primary resonance frequency. The MEMS response is
shown in Figure 6.1. Similar to the behavior of the cantilever MEMS of the previous
chapter, the maximum amplitude of this MEMS resonator increases with the increase of
relative humidity due to the reduction of the viscous damping of the system. This system
also provides a closer look into the effects of humidity on the primary resonance frequency.
The figure shows a 6.5 Hz of frequency change in the primary resonance between the
response of the system at 0% RH and 100%, which corresponds to -163 ppm (with respect
to the system with RH = 0%), which is extremely small to be noticed in the previous
chapter. The maximum amplitude of vibration also increases by 0.0077 𝜇m (1.85%).
The relationship between relative humidity and amplitude and primary resonance
frequency are shown in Figure 6.2,a and 6.2, b, respectively. The relationship between the
maximum deflection and relative humidity is almost perfectly linear with a
sensitivity/slope of 77× 10−6 𝜇𝑚 per RH percentage. The change in the primary resonance
frequency appears closely linear as well with a slope of -0.065 Hz per RH percentage.
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Figure 6.1: Frequency response of the MEMS resonator at atmospheric pressure and room
temperature when excited with 𝑭 = 0.0001 N/m.
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Figure 6.2: Relationship between relative humidity and maximum MEMS response (a) and
primary resonance shift (b) at atmospheric pressure and room temperature.

If the MEMS device is operated as a mass sensing resonator, this frequency shift can
translate to a noise using the following formula [71]:
𝑑𝑓

ℛ −1 = 𝑑𝑚 = 𝑓

2𝑚𝑒𝑓𝑓

𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒

(6.1)

Where ℛ −1 is the mass sensitivity of the resonator, 𝑓𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒 is the primary resonance
frequency at room temperature and 0% RH and 𝑚𝑒𝑓𝑓 is the effective mass of the MEMS
resonator given by [72]:
𝑚𝑒𝑓𝑓 = 𝛼 𝑚

(6.2)

Where 𝛼 is a conversion constant, which equals 0.3965 and 𝑚 is the total mass of the
MEMS . Thus, the frequency shift in this chapter translates to a mass measurement of:
𝑚𝑛𝑜𝑖𝑠𝑒 = ℛ −1 Δ𝑓 = 21.733 𝑝𝑔

(6.3)
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Overall, the changes in the system are highly negligible for typical sensors operating at
primary resonance and would not result in any reliability issues.
6.1.1.2 Effects of humidity at higher temperatures
In this section, the effects of humidity are considered at atmospheric pressure and a higher
ambient temperature, Θ𝑎 = 60°𝐶, assuming the device is assumed to be under no thermal
stresses at this temperature. The MEMS is excited using a simple harmonic force with a
constant amplitude 𝐹 = 0.0001 N/m. The system’s frequency response is presented in
Figure 6.3, which shows a primary resonance frequency of 39.85 KHz at 0% RH, with a
frequency shift of 34 Hz at 100% RH, which corresponds to an -853 ppm change in
frequency. The system’s response amplitude increases by 10.25% when operating the
MEMS device at 100% RH, which is highly significant compared to the previous section.
This is because of the high sensitivity of moist air to temperature compared to dry air and
the increase in the water carrying capacity of air at high temperatures. Both changes are
linear in RH, as shown in Figure 6.4 with an amplitude and frequency shift slope or
sensitivities of 3.92× 10−4 𝜇𝑚 per RH percentage and 0.65 Hz per RH percentage,
respectively.
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Figure 6.3: Frequency response of the MEMS resonator at atmospheric pressure and 𝚯𝒂 =
𝟎 °C when excited with 𝑭 = 0.0001 N/m.
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Figure 6.4: Relationship between relative humidity and maximum MEMS response (a) and
primary resonance shift (b) at atmospheric pressure and 𝚯𝒂 = 𝟎°C.

Comparing Figure 6.4 to Figure 6.2, it is possible to study the effects of temperature on the
MEMS response at a constant relative humidity. Using the resonance frequency at Θ𝑎 =
25°𝐶, the relative shift in the primary resonance frequency is found to be 846 ppm and 55.2
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ppm at 0% RH and 100% RH, respectively. The reduction in the relative shift is because
of the opposing effects of temperature and humidity on the viscosity of air. Moreover, the
effects of RH are amplified at higher temperature by the increase in air capacity, and thus,
the increase of the molar fraction of water vapor in air. Similarly, the amplitude change
due to temperature change is found to be -8% and -0.56% at 0% RH and 100% RH,
respectively, following the same reasoning as previously stated.
This shows the high stability of MEMS as resonators even at higher temperatures and
humidity conditions as the change is highly negligible under Θ𝑎 = 25°𝐶 and 60°𝐶.
However, this study shows a high influence of temperature on the amplitude of vibration,
especially at lower relative humidity values, which translates to into high noise when the
amplitude’s response is considered as a means of measurement, such as the case in
capacitive MEMS measurement means. Fortunately, due to the linearity of the MEMS
behavior in this regime, it is possible to simply account for the environmental factors on
the MEMS response.
6.1.2. Effects on the snapthrough response
In this section, the response of the MEMS resonator to environmental conditions at
snapthrough is introduced. Snapthrough is a MEMS response associated with arched
microbeams, which occurs when the MEMS arch experiences a high deflection such that
the microbeam buckles, creating a bistable response. The concept of bistability was
introduced previously in section 3.3. In order to reach bistability, the excitation force was
increased to 0.005 N/m. The microbeam is excited at atmospheric pressure and at two
different temperatures: Θ𝑎 = 25°C and 60°C as shown in Figure 6.5 and 6.6, respectively.

62

From Figure 6.5, the snapthrough amplitude increases by 0.009 𝜇𝑚 when RH changes from
0% to 100%, which translates to nearly 0.16% amplitude change. Moreover, the snapthrough activation frequency, which is associated with the sudden response jump,
decreases by 15 Hz (-562 ppm) within this operational range. Similarly, the microbeam’s
snapthrough amplitude increases by 0.036 𝜇m (0.7%) and its snapthrough activation
frequency decreases by 85 Hz (-0.32%) when excited at Θ𝑎 = 60°C, as shown in Figure
6.6.
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Figure 6.5: Frequency response of the MEMS device at atmospheric pressure and room
temperature, which is harmonically actuated with a force of an amplitude of 0.005 N/m
showing a snapthrough behavior around the microbeam’s primary resonance frequency.
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Figure 6.6: Frequency response of the MEMS device at atmospheric pressure and an
ambient temperature of 60°C, which is harmonically actuated with a force of an amplitude
of 0.005 N/m showing a snapthrough behavior around the microbeam’s primary resonance
frequency.

Finally, to study the effects of temperature change, the change in the snapthrough activation
frequency and maximum amplitude is studied at RH = 0% and 100% by comparing results
from Figures 6.5 and 6.6. At RH = 0%, it was found that the snapthrough activation
frequency increases by 74 Hz (0.28%) while the maximum vibrational amplitude reduces
by 0.023 𝜇𝑚 (-0.4%) when Θ𝑎 increases from 25°𝐶 to 60°C. In contrast, at RH = 100%, it
was found that the snapthrough activation frequency increases by 4 Hz (150 ppm) while
the maximum response amplitude increases by 0.005 𝜇𝑚 (950 ppm) within the same
temperature range. The changes in amplitude and frequencies at high frequencies were
found to be negligibly small in this case because the effects of temperature and humidity
happen to offset in this case.
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6.1.3. Effects on the snapthrough response at higher modeshapes
In the previous two sections, the response of the microbeam around its primary resonance
was shown while operating linearly (section 6.1.1) or nonlinearly via the snapthrough
response (6.1.2). In this section, analysis of the response around the third modal frequency
is studied. The MEMS device requires higher input forcing to activate the third modeshape
than the first modeshape. Thus, in this section, the amplitude of the harmonic excitation
force was increased to 0.007 N/m. The MEMS device remains actuated at atmospheric
pressure and under two ambient temperatures: 25°C and 60°C.
The results of the analysis are shown in Figures 6.7 and 6.8 for Θ𝑎 = 25°C and 60°C,
respectively. The snapthrough amplitude was found to be nearly constant as a function of
relative humidity for both temperatures in this study. However, the snapthrough frequency
was found to decrease by 75 Hz (-606 ppm) and 280 Hz (-0.23%), when RH increases from
0% to 100%, in Figures 6.7 and 6.8, respectively. It is worth noting that, while the
frequency shift at the third modeshape is significantly higher than that around the primary
resonance, the relative frequency shift is nearly constant between the two cases.
Analyzing the two figures at 0% RH, it was found that the snapthrough frequency increases
by 235 Hz (0.2%) due to the effects of temperature while the snapthrough amplitude
decreases by -0.0345 𝜇m (-0.55%) within this temperature range. The effect is significantly
less pronounced at higher RH due to the reduction in viscosity due to the introduction of
the low-viscosity water molecules in abundance to the system.
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Figure 6.7: Frequency response of the MEMS device at atmospheric pressure and room
temperature, which is harmonically actuated with a force of an amplitude of 0.007 N/m
showing a snapthrough behavior around the microbeam’s third modal frequency.
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Figure 6.8: Frequency response of the MEMS device at atmospheric pressure and an
ambient temperature of 60°C, which is harmonically actuated with a force of an amplitude
of 0.007 N/m showing a snapthrough behavior around the microbeam’s third modal
frequency.
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It is noted here that the change in the snapthrough frequency due to environmental factors
is too high while operating at the third modeshape nonlinearly, which can result in large
measurement noise for MEMS resonators, which work based on the change in the system’s
resonant frequency for measurement. However, this also opens the door to the use of
uncoated MEMS resonators as temperature and/or humidity sensors, based on the change
in the snapthrough frequency with these parameters, which will be discussed in more
details in the next chapter.
6.2. Effects of temperature and humidity, including thermal stress
In this section, the response of the microbeam is studied while accounting for the thermal
stressed developed in the microbeam due to temperature change. To this end, the
microbeam is assumed to be thermally unstressed at room temperature, while it develops
thermal stress at any other temperature. For this study, the MEMS device is studied at Θ𝑎
= 30°C assuming it is thermally relieved in one simulation while assuming its thermal relief
temperature is 25°C. The MEMS device is studied at primary resonance, when operated
linearly or nonlinearly, through snapthrough,as well as operation at the third modal
frequency range.
6.2.1. Primary resonance response
6.2.1.1. Linear operation
The MEMS device using a simple harmonic input force of 0.0001 N/m at atmospheric
pressure and Θ𝑎 = 30°C. The MEMS’s response is shown in Figure 6.9, assuming thermal
stress has developed in the microbeam. Due to humidity and thermal stress, the primary
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resonance frequency of the microbeam decreases by 13 Hz while the peak amplitude
increases by 0.0101 𝜇m. The response is then compared to the response of the thermally
unstressed MEMS device. The results are shown in Figure 6.10 which shows 3.5 Hz
difference in frequency shift due to the influence of thermal stress. This is explained by the
change in stiffness due to the influence of the developed thermal stress. This stiffness
change also leads to amplitude differences between the two studied beams at different RH
values. Interestingly enough, the amplitude change remains constant at any RH value
which equals 0.0445 𝜇m, which due to thermal stress developed by temperature change
and the viscosity change due to RH change targeting two different aspects of the system.
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Figure 6.9: Frequency response of the thermally stressed MEMS device at atmospheric
pressure, ambient temperature of 30°C and a harmonic excitation force of 0.0001 N/m
swept around the MEMS primary resonance frequency.
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6.2.1.2 Snapthrough response
Next, the nonlinear response of the microbeam is considered by increasing the excitation
force to 0.005 N/m. The response of the MEMS device is shown in Figure 6.11. As is
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shown previously, the amplitude of vibration when the device snaps-through is a weak
function of humidity, and thus, is ignored in this study. The study, instead, is focused on
frequency shift and the effects of thermal stress on the MEMS deflection.
Figure 6.11 shows a frequency shift of 21 Hz (786 ppm) and 18 Hz (875 ppm) per 100%
RH when thermal stress is ignored and considered, respectively. Moreover, the figure
shows a consistent reduction in the resonance frequency by 23% due to thermal stress,
which indicates a large softness that occurs due to the developed thermal stress in the
system. As such, since the system is highly sensitive to the geometric nonlinearities when
snapthrough is triggered, this temperature increase results in a large change in the
resonance frequency of the system. Furthermore, as snapthrough is related to the change in
the system’s stiffness, the amplitude of vibration at snapthrough changes as well because
of thermal stress from 5.2778 𝜇m when unstressed to 5.0687 𝜇𝑚 when stressed.
6.2.2 Third mode response
As is the case in the previous, a high excitation force is needed to excite the third harmonic.
Therefore, the amplitude of the excitation force is increased to 0.007 N/m. Figure 6.12
shows a frequency sweep around the third modal frequency when the device is thermally
unstressed (a) and when it is thermally stressed (b). When the device is thermally
unstressed, it experiences a 80 Hz (-647 ppm) frequency reduction when RH changes from
0% to 100%. However, when accounting for thermal stress, the frequency shift reduces to
29 Hz (267 ppm) within that range. Interestingly, as is the case in the two previous
subsections, the relative shift in frequency between the thermally stressed case and the
thermally unstressed case remains at 12% regardless of RH, showing further confirmation
to the hypothesis that thermal stress and RH can be accounted for independently. Thermal
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stress causes a softening behavior in the system, increasing the snapthrough deflection from
6.3059 𝜇m when the microbeam is unstressed to 8.3061 𝜇m when it is thermally stressed.
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Figure 6.11: Frequency response of the MEMS resonator that shows snapthrough when
thermal stress is not considered (a) and when it is considered (b) when the MEMS is excited
about its primary resonance frequency.
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6.3. Summary of the findings
The results of the previous two sections are shown in this section for the sake of
comparison. Throughout the table, a few points are noted. First, when thermal stress is
disregarded, the effect of humidity is a consistent drop in the resonance frequency and an
increase in the maximum amplitude of vibration. This change increases as temperature
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increases because of the increase in the water vapor content in air, following the definition
of relative humidity in Equation (4.4). The frequency shift amplitude increases when the
MEMS device going from linear excitation around the primary resonance to snapthrough
around the primary resonance to snapthrough around the third modeshape. The relative
shift increasing in a similar trend, except for snapthrough at the third modeshape at higher
temperature, where it is slightly below the primary snapthrough study, This shows a lower
sensitivity of the third modeshape to humidity than that shown around the primary
resonance.
Second, the effects of temperature tend to decrease the vibration amplitude and increase
the resonance frequency. Interestingly, it is shown in the table that this effect reduces with
relative humidity, which is due to humidity affecting the system in an opposite way and
this effect increasing with temperature. The relative shift in frequency increases going from
linear excitation around the primary resonance to snapthrough excitation around the same
range. However, it decreases going to the snapthrough response around the third modal
frequency, showing a lower relative sensitivity to the change in the system’s damping as
shown previously.
Third, the table shows a negligible relative amplitude shift (less than 1%) due to
temperature, when no thermal stress development, and humidity changes when the MEMS
is operated nonlinearly and snapthrough is achieved. This is because the snapthrough
response is associated with the stiffness of the system rather than the viscosity.
Fourth, studying the response considering the developed thermal stress, it is shown that,
operating around the primary resonance frequency, increasing RH from 0% to 100%
decreases the resonance frequency of the system. When thermal stress is considered, the
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relative shift further increases, showing that the system experiences a softening behavior
at higher temperatures than its thermal relief temperature, thus working in a similar to
humidity increase. However, around the third modal frequency, the thermal stress tends to
produce a softening effect where the relative shift is higher without considering thermal
stress, indicating again that the system reacts to these changes differently at different modal
frequencies.
Finally, comparing the comparing the frequency and amplitude shift due to thermal stress
at 0% and 100% , it is shown that those values are nearly identical, thus it is possible to
isolate the effects of thermal stress and air viscosity because the former affects the system’s
stiffness while the latter affects the system’s damping.
In conclusion, the effects of temperature and humidity were studied. Nonlinear responses
appear to amplify the effects of environmental conditions by increasing the relative
frequency shift (primary resonance at snapthrough) or its amplitude (third modal frequency
at snapthrough), thus increasing the measurement noise. The amplitude shift due to
temperature and humidity is low when the system is operated linearly or negligible when
they system is operated at snapthrough. However, the amplitude shift is increased
significantly due to thermal stress, in the linear and nonlinear operation cases, thus, for
high temperature operation, the use of fixed-free MEMS devices is highly suggested to
eliminate thermal stress.

Table 6.2 Summary of the results of this chapter

74

Case

Section Change

Linear response at

6.1.1.1

primary resonance

RH

Δ𝑤max

Δ𝑤max / Δ𝑓 (Hz)

Δ𝑓/𝑓𝑟𝑒𝑓

(𝜇 m)

Δ𝑤𝑟𝑒𝑓

0.0077

1.85%

-6.5

-163 ppm

0.0392

10.23%

-34

-853 ppm

-0.034

-8%

33.7

846 ppm

-0.0024

-0.56%

2.2

55.2 ppm

0.009

0.16%

-15

-562 ppm

0.036

0.7%

-85

-0.32%

-0.023

-0.4%
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0.28%

0%-100%

at Θ𝑎 = 25°C
Linear response at 6.1.1.2
primary resonance

RH
0%-100%

at Θ𝑎 = 60°C
Linear response at 6.1.1.2
primary resonance

Θ𝑎
25°C-60°C

at 0% RH
Linear response at 6.1.1.2
primary resonance

Θ𝑎
25°C-60°C

at 100% RH
Snapthrough
response

6.1.2
at

RH
0%-100%

primary resonance
at Θ𝑎 = 25°C
Snapthrough
response

6.1.2
at

RH
0%-100%

primary resonance
at Θ𝑎 = 60°C
Snapthrough
response

6.1.2
at

Θ𝑎
25°C-60°C

75
primary resonance
at 0% RH
Snapthrough
response

6.1.2
at

Θ𝑎

0.005

950 ppm

4

950 ppm

25°C-60°C

primary resonance
at 100% RH
Snapthrough

6.1.3

response at third

RH

negligible negligible -75

-606 ppm

negligible negligible -280

-0.23%

-0.0345

-0.55%

235

0.2%

-0.0345

-0.55%

30

243 ppm

0%-100%

modal frequency at
Θ𝑎 = 25°C
Snapthrough

6.1.3

response at third

RH
0%-100%

modal frequency at
Θ𝑎 = 60°C
Snapthrough

6.1.3

response at third
modal

Θ𝑎
25°C-60°C

modal

frequency at 0%
RH
Snapthrough
response at third
modal frequency at
100% RH

6.1.3

Θ𝑎
25°C-60°C
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Linear response at 6.2.1.1
primary resonance

RH

0.01

2.4%

-9.5

-236 ppm

0.0101

2.2%

-13

-360 ppm

10.8%

-3700

-9.32%

10.6%

-3715

-9.33%

0%-100%

at Θ𝑎 = 30°C
(No thermal stress)
Linear response at 6.2.1.1
primary resonance

RH
0%-100%

at 𝛩𝑎 = 30°C
(thermal stress)
Linear response at 6.2.1.1

Stressed - 0.0445

primary resonance

unstressed

at Θ𝑎 = 30°C and
0% RH
Linear response at 6.2.1.1

Stressed - 0.0446

primary resonance

unstressed

at Θ𝑎 = 30°C and
100% RH
Snapthrough
response

6.2.1.2
at

RH

negligible negligible -21

-786 ppm

negligible negligible -18

-875 ppm

0%-100%

primary resonance
at Θ𝑎 = 30°C
(No thermal stress)
Snapthrough
response

6.2.1.2
at

primary resonance
at Θ𝑎 = 30°C

RH
0%-100%
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(thermal stress)
Snapthrough
response

6.2.1.2
at

Stressed -

-0.2091

-3.96%

-6158

-23%

-0.2091

-3.96%

-6155

-23%

unstressed

primary resonance
at Θ𝑎 = 30°C and
0% RH
Snapthrough
response

6.2.1.2
at

Stressed unstressed

primary resonance
at Θ𝑎 = 30°C and
100% RH
Snapthrough

6.2.2

response at third

RH

negligible negligible -80

-647 ppm

negligible negligible -29

-267 ppm

2

-12.09%

0%-100%

modal frequency at
Θ𝑎 = 30°C
(No thermal stress)
Snapthrough

6.2.2

response at third

RH
0%-100%

modal frequency at
Θ𝑎 = 30°C
(thermal stress)
Snapthrough
response at third
modal frequency at

6.2.2

Stressed unstressed

31.72%

-14953
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Θ𝑎 = 30°C and 0%
RH
Snapthrough
response at third
modal frequency at
Θ𝑎 = 30°C and
100% RH

6.2.2

Stressed unstressed

2

31.72%

-14902

-12.05%
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CHAPTER 7
DEVELOPMENT OF MEMS SENSORS FOR
ENVIRONMENTAL SENSING
In this section, the results of the previous two sections are used to create a basis for a new
sensing scheme of environmental condition through the utilization of the linear and
nonlinear responses of the MEMS resonators.
7.1. Analog sensing concept
Due to the linearity of the MEMS amplitude change and frequency shift to temperature and
humidity, as shown in Figure 5.2,b, 5.4, 6.2, 6.4, 6.9, it is possible to directly correlate
temperature and humidity changes to response changes in one of two ways:
1. A change in the response amplitude
It is possible to measure the response amplitude change by measuring the capacitance
change of a MEMS device, Δ𝐶:

Δ𝐶 =

𝜀𝐴
𝑑

(1 −

1
1−

𝑑
𝑧

)

(7.1)

For a single degree of freedom MEMS or
𝑙

𝑥=𝑙

Δ𝐶 = 𝜀𝑏 ( − ∫𝑥=0
𝑑

𝑑𝑥
𝑑−𝑤(𝑥)

)

(7.2)

For continuous microbeams. The measurement scheme utilizes two microbeams; one
microbeam is sealed in casing containing dry air at the measurement pressure, typically
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atmospheric pressure, while the other microbeam is exposed to the measurement
environment fully. The sealed microbeam measures temperature change, following Figure
6.4, while the exposed microbeam uses this information to measure the appropriate
humidity value (molar fraction under reduced pressure or relative humidity under
atmospheric pressure) accordingly.
2. A change in the resonance frequency
It is possible to directly measure the resonance frequency of the system by using a phaselock circuit, which measures the phase shift between the input signal and the response
signal and changes the input frequency until the relative phase shift between the input and
response frequencies is 𝜋/2, which represents resonance.
The sensing scheme is the same as the one demonstrated in the previous section, where the
linearity of the frequency shift allows for simple measurement of the temperature and
humidity, independently, using two MEMS resonators as sensors. However, unlike the first
scheme, it is possible to use this scheme for nonlinear responses, such as the snapthrough
response or the subharmonic response to amplify the environmental effects further.
However, the response is not linear in this case and linearization or a lookup table is
required to translate frequency shift or amplitude changes into temperature or humidity
values.
In both schemes, it is recommended avoiding clamped-clamped MEMS configurations
because of the development of thermal stress in the microbeam due to the boundary
conditions of the microbeam, even if clamped-clamped microbeams inherently possess
high modal frequencies compared to cantilever beams, which can translate into high
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frequency shifts. This is because of the unpredictability of the response and the effects of
thermal stress on the amplitude and the modal frequencies of the microbeam.
3. A change in the quality factor
This is closely related to the change in the maximum vibrational amplitude because the
bandwidth of the vibration, defined by the quality factor within the linear regime:
𝑄=

𝑓𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒
Δ𝑓−3𝑑𝐵

(7.3)

And the maximum vibrational amplitude is defined by:
𝑥𝑀𝐴𝑋 = 𝑄 𝑥𝑠𝑡𝑎𝑡𝑖𝑐

(7.4)

Thus, any change in the maximum vibrational amplitude directly corresponds to a change
in the bandwidth frequency. Thus, rather than capacitance, which can be difficult to
measure, one may measure the bandwidth of vibration as an indication of the
environmental factors. It is noted that this method is only applicable to linear, low
amplitudes of vibration.
7.2. Digital sensing scheme
In this scheme, the nonlinear MEMS response is utilized to create a switch that closes due
to changes in environmental conditions. Nonlinear responses studied in this work,
subharmonic resonance for the cantilever microbeam and the snapthrough response for the
clamped-clamped arch beam, are both associated with a sudden amplitude jump upon
activation. To activate those response, the MEMS require low damping. Therefore, when
the viscosity of the system is below a set threshold, the nonlinear response activates and

82

the MEMS exhibits large deflections. Otherwise, the MEMS retains a low response
amplitude.
As stated in the last two chapters, increasing temperature results in an increase in viscosity.
Thus, it is possible to create a normally closed temperature switch, which turns off when
temperature exceeds a specific threshold. Humidity tends to decrease the viscosity of the
system, thus it is possible to create a normally open humidity switch that turns on when
humidity exceeds a specific threshold. As stated before, it is necessary to use two sensors
in the system to account for the effects of both temperature and humidity.
7.3. Further applications of the measurement scheme
Throughout this thesis, the effects of temperature and humidity were studied. Another
environmental factor that affects the response of MEMS devices is the ambient pressure,
where high pressure directly results in an increased system damping. Following a similar
measurement scheme. By tuning the input voltage, it is possible to change the cutoff
pressure of the system as shown in Figure 7.1 and 7.2, respectively for the cantilever
MEMS of chapter 5 and the clamped-clamped MEMS of chapter 6, respectively.
The cantilever MEMS has a large surface area, which reduces its usability for environments
with low damping (low pressure). Figure 7.1 shows the MEMS subharmonic response
being active at low pressure and inactive at a higher pressure. The microbeam was actuated
with 𝑉𝐷𝐶 = 30 V and 𝑉𝐴𝐶 = 64 VRMS. The pressure at which the subharmonic jump ceases
to exist is a function of the input voltage. Thus, it is possible to construct Figure 7.2 by
sweeping the input AC voltage a noting the response’s amplitude. This represents a
calibration curve for the pressure sensor. Because of the nonlinearity of the MEMS
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response the MEMS sensor is very sensitive to changes in pressure. Moreover, due to the
low sensor range, it retains high linearity. This sensor operates by fixing the input DC
voltage to 30 V and setting the input AC voltage to a level associated with the desired
cutoff pressure. Once the system’s pressure exceeds the cut off pressure, the subharmonic
response ceases to exist and the MEMS switch opens (above the curve). The device can
also operate as a normally open switch that turns on when the pressure goes below the
cutoff value, which can be used to send a signal to an alarm circuit.
In contrast, the clamped-clamped arch beam has a small surface area, which allows it to be
usable within a wide range of pressure. On the one hand, this gives the device a large
operational range than includes atmospheric pressure. On the other hand, due to the
nonlinearity of squeeze film damping, this results in a nonlinear, almost logarithmic
MEMS response to pressure. The operational range of this sensor is similar to the previous
sensor, where the DC voltage is fixed at 30 V and the AC voltage is chosen based on the
desired cutoff pressure. Here, the MEMS’s response is high when snapthrough, rather than
subharmonic is achieve. Otherwise, the system reacts the same way as the cantilever
MEMS system. The response at a fixed voltage and variable pressure is demonstrated in
Figure 7.4

84

Figure 7.1: MEMS response at 𝐕𝐃𝐂 = 30 V and 𝐕𝐀𝐂 = 64 VRMS at two different pressures,

(𝑷𝒂)

showing a subharmonic amplitude jump at 70 Pa, which dies out at 88 Pa.
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Figure 7.2: Calibration curve of the cantilever MEMS pressure switch
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Figure 7.3: Calibration curve of the clamped-clamped arch MEMS pressure switch
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Figure 7.4: The response of the clamped-clamped MEMS arch at 𝑽𝑫𝑪 = 30 V and 𝑽𝑨𝑪 = 16
VRMS at 𝑷𝒂 = 15 kPa where snapthrough is observed (a) and at 𝑷𝒂 = 30 kPa where
snapthrough seizes to exist. The red line represents the cutoff line, above which, the circuit
is closed.
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CHAPTER 8
SUMMARY AND FUTURE WORKS
8.1. Thesis summary
In this thesis, the effects of temperature and humidity on the response of MEMS devices
were studied. Two MEMS structures, cantilever MEMS and clamped-clamped MEMS
arch, were chosen to represent the most commonly used MEMS microbeam structures. The
former device was operated under reduced pressure, while the latter was operated at
ambient pressure. Both devices were operated in the linear and nonlinear regimes to
provide a comprehensive insight onto the sensitivity of each regime to ambient noise.
In both structures, it was noted that the nonlinearly excited microbeams experienced
significantly higher frequency and/or amplitude shifts due to the effects of temperature and
humidity. The resonance frequency of MEMS resonators tend to decrease when humidity
increases while the response’s amplitude tends to increase due to the reduction of the
system’s damping at high humidity values. The changes become more significant at high
humidity and high temperatures because of the increased water carrying capacity of air at
high temperatures.
When MEMS devices are operated linearly, the relative frequency shift and amplitude shift
vary linearly with temperature and humidity. This relationship gets more complex when
the MEMS device is actuated nonlinearly. Moreover, the response of the MEMS resonators
to temperature and humidity varies differently at higher order modes due to these modes
being less sensitive to damping.
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It was also found that the snapthrough amplitude of the arch MEMS is almost independent
of temperature and humidity if no internal thermal stresses develop within the microbeam,
otherwise, the amplitude of snapthrough varies strongly with temperature due to stiffness
changes. Furthermore, it was found that the relative frequency change due to thermal stress
remains the same at any humidity values, due to humidity only affecting the damping
properties of the system while thermal stress only affects the elastic properties of the
system.
Finally, multiple designs of MEMS sensors were presented based on the findings of this
paper. The proposed sensors can be either analog; static (capacitive) or dynamic
(resonator); or digital. Thus, allowing for flexible designs of MEMS sensors based on the
application requirements.
8.2. Thesis conclusions
In this work, a comprehensive study of the effects of temperature and humidity on the
response of MEMS resonators, under low and high pressures, is presented. The analysis
took into consideration the effects of environmental conditions on the system’s damping,
the thermal stress developed and the changes in the density of the microbeam. The study
shows a consistent reduction in the resonance frequency of microbeams as relative
humidity increases, akin to that found in the literature, which was found to be a result of
the reduction of viscosity of air as the water content increases. Temperature tends to
increase the viscosity of air and increase the resonance frequency of the microbeam,
however, this is only the case at low relative humidity. As relative humidity increases, the
effects of humidity overcomes the effects of temperature and a reduction in the resonance
frequency of the microbeam occurs. The effects of temperature and humidity are linear in
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the linear regime of the microbeam, thus it is simple to compensate for them. Furthermore,
due to this linearity, it is possible to utilize uncoated MEMS devices as analog temperature
and humidity sensors, based on the amplitude change, the frequency shift or the vibration’s
bandwidth.
The effects of thermal noise is amplified when the microbeam is driven nonlinearly and
the relationship between temperature, humidity and the response change is nonlinear. This
behavior is useful for creating high precision digital MEMS sensors based on the high
response jump exhibited at the onset of the nonlinear behavior (subharmonic resonance or
snapthrough response).
Finally, it was found that using a mono-layer cantilever MEMS reduces the effects of the
environmental conditions as thermal stress in clamped-clamped microbeams significantly
increases the effects of humidity changes and create the frequency drop response reported
in the literature.
8.3. Outcomes of this thesis

The results of results of this thesis are featured in the following publications:
•

Novel threshold pressure sensors based on nonlinear dynamics of MEMS
resonators [65]

•

A Novel Threshold Pressure Sensor Based on Nonlinear Dynamics of MEMS
Arches [66]

•

On the Effects of Temperature and Relative Humidity on the Response of a
MEMS Arch Resonator [67]

•

A New Pressure Threshold Sensor Based on Nonlinear MEMS Oscillator [68]
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•

A new humidity sensor based on the effect of water content on a capacitive
MEMS oscillator’s thermo-electrical characteristics [69]

•

A New Concept for Humidity Sensing Using Curved Micro-beams [70]

8.4. Future works
8.4.1. Experimental work
Currently, it was confirmed that the MEMS system used in this thesis is captured well by
the provided model by comparing the MEMS response to that in the literature [64], as
shown in Figure 8.1. The effects of humidity and temperature on the viscosity of air has
already been studied in [62] and validated experimentally. The reduction of the resonance
frequency due to the increase of humidity around the primary resonance matches [15] and
[27] closely. Moreover, the effects of humidity on the third modal frequency matches [19].
The frequency drop due to temperature increase [16, 17, 19] is explained well by the
development of internal thermal stresses in the system as well.

Figure 8.1: Experimental validation of the response of the MEMS device of chapter 5.
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Experimental analysis of a fabricated MEMS device is planned as a continuation of this
thesis.
8.4.2. Double resonance excitation

A draw back to electrostatic MEMS devices in general, including the MEMS sensors in
this thesis, is their high input voltage requirements, even if the overall power of the system
is extremely low. This is due to the low surface area of MEMS devices, which results in a
small electrostatic forcing. Thus, high voltage is required to increase the electrostatic
forcing.
The use of electrical resonance of the MEMS device as an electrical element (capacitor) in
tandem with the mechanical resonance as a mechanical element allows for large voltage
and amplitude gains in the system without the use of high input voltages. The response of
the system is captured by solving (2.1), (2.2), (8.1) and (8.2) simultaneously:
𝐿𝑄̈ (𝑡) + 𝑅𝑄̇ (𝑡) +

𝑉𝑀𝐸𝑀𝑆 (𝑡) =

1
𝐶𝑀𝐸𝑀𝑆 (𝑧)+𝐶𝑝

𝑄 (𝑡) = 𝑉𝑡𝑜𝑡𝑎𝑙 (𝑡)

𝑄(𝑡)
𝐶𝑀𝐸𝑀𝑆(𝑧) +𝐶𝑝

(8.1)

(8.2)

where 𝐿 is the circuit inductance, 𝑅 is the circuit resistance, 𝐶𝑝 is the circuit equivalent
parasitic capacitance and 𝑄(𝑡) is the charge stored across the MEMS capacitance. It was
found that driving the MEMS resonator using two AC signals such that Ω1 equals
1/√𝐿 ∗ (𝐶𝑀𝐸𝑀𝑆 + 𝐶𝑝 ) while the other frequency, Ω2 , equals Ω1 − 𝜔𝑛 results in the
mechanical and electrical resonances to be activated simultaneously which produces a large
response amplitude as shown in Figure 8.2.
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When the mechanical and electrical resonances are simultaneously active, the voltage
across the MEMS is amplified and the MEMS’s sensitivity to the electrostatic forcing is
maximized. This new concept is proposed to be used to drive the proposed sensors.
Furthermore, analysis of the effects of temperature and humidity on double-resonanceexcited MEMS devices is planned.

Figure 8.2: Response of the CAS device under classical actuation and double resonance
actuation, respectively.
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Appendix
Constants for viscosity calculation
Parameter

Meaning

Value

𝐸0

Interpolation constant for saturated vapor pressure

0.78614

𝐸1

Interpolation constant for saturated vapor pressure

10.79574

𝐸2

Interpolation constant for saturated vapor pressure

5.028

𝐸3

Interpolation constant for saturated vapor pressure

1.50475×10-4

𝐸4

Interpolation constant for saturated vapor pressure

0.42873×10-3

𝑀𝐴0

Interpolation constant for dry air viscosity

-9.8601×10-7

𝑀𝐴1

Interpolation constant for dry air viscosity

9.08012×10-8

𝑀𝐴2

Interpolation constant for dry air viscosity

-1.1764×10-10

𝑀𝐴3

Interpolation constant for dry air viscosity

1.2350×10-13

𝑀𝐴4

Interpolation constant for dry air viscosity

-5.797×10-17

𝑀𝑉0

Interpolation constant for water vapor viscosity

8.058×10-6

𝑀𝑉1

Interpolation constant for water vapor viscosity

4.0005×10-8

𝑀𝑎

Molar mass of dry air

28.9635

𝑀𝑣

Molar mass of water vapor

18.015

